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Abstract. We develop a natural generalization of vector- valued frame theory, 
we term operator-valued frame theory, using operator-algebraic methods. This 
extends work of the second author and D. Han which can be viewed as the mul- 
tiplicity one case and extends to higher multiplicity their dilation approach. 
We prove several results for operator-valued frames concerning duality, dis- 
jointeness, complementarity , and composition of operator valued frames and 
the relationship between the two types of similarity (left and right) of such 
frames. A key technical tool is the parametrization of Parseval operator val- 
ued frames in terms of a class of partial isometries in the Hilbert space of the 
analysis operator. We apply these notions to an analysis of multiframe gener- 
ators for the action of a discrete group G on a Hilbert space. One of the main 
results of the Han-Larson work was the parametrization of the Parseval frame 
generators in terms of the unitary operators in the von Neumann algebra gen- 
erated by the group representation, and the resulting norm path-connectedness 
of the set of frame generators due to the connectedness of the group of unitary 
operators of an arbitrary von Neumann algebra. In this paper we general- 
ize this multiplicity one result to operator-valued frames. However, both the 
parameterization and the proof of norm path-connectedness turn out to be 
necessarily more complicated, and this is at least in part the rationale for this 
paper. Our parameterization involves a class of partial isometries of a different 
von Neumann algebra. These partial isometries are not path-connected in the 
norm topology, but only in the strong operator topology. We prove that the set 
of operator frame generators is norm pathwise-connected precisely when the 
von Neumann algebra generated by the right representation of the group has 
no minimal projections. As in the multiplicity one theory there are analogous 
results for general (non-Parseval) frames. 



1. Introduction 

The mathematical theory of frame sequences on Hilbert space has developed 
rather rapidly in the past decade. This is true of both the finite dimensional and 
infinite dimensional aspect of the theory. The motivation has come from applica- 
tions to engineering as well as from the pure mathematics of the theory. 

The theory of finite frames has developed almost as a separate theory in itself, 
with applications to industry (cf . the recent work [1] of Balans, Casazza, and Edidin 
on signal reconstruction without noisy phase) as well as recently demonstrated 
connections to theoretical problems such as the Kadison-Singer Problem 0. 
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Important examples of infinite frames are the Gabor (Weyl-Heisenberg) frames 
of time-frequency analysis and the wavelet frames [7j. Some papers dealing with 
infinite frames which relate directly or indirectly to this article are [T^ [21 [H [TUl 



Work on this article began in January 1999, when the first-named author visited 
the second-named author at Texas A&M University following the special session 
on "The functional and harmonic analysis of wavelets and frames" that took place 
at the annual AMS meeting at San Antonio. Our purpose was to develop operator 
theoretic methods for dealing with multiwavelets and multiframes, thus extending 
the approach of the AMS Memoir [15j. We developed the theory of operator- valued 
frames to provide a framework for such problems and we will test this model by 
solving a problem concerning norm path-connectedness. It has been brought to our 
attention that a few other recent papers in the literature overlap to some extent with 
our approach, notably works of Casazza, Kutyniok and Li 6J on "fusion frames", 
and also recent work of Bodmann [1 on quantum computing and work of W. Sun 
[25] on g-ftrames. These do not deal however with the path connectedness that we 
address. The papers of Kadison on the Pythagorean theorem [TBI Hi] are examples 
of works of pure mathematics that several authors have realized are both directly 
and indirectly relevant to frame theory. They contain theorems on the possible 
diagonals of positive operators both in B(II) and in von Neumann algebras. This 
topic is closely related to the topic of rank-one decompositions and more general 
summation decompositions of positive operators, and resolutions of the identity 
operator, as investigated in [TOl [2Qj for its relevance to frame theory. 

Also, several papers in the literature deal with frames in Hilbert C*-modules, 
including one by the same authors of this paper [TTJ [TH [S] . The problems and 
framework considered in this paper are of a significantly different nature and there 
is no essential overlap. 

We note that the key idea in [15], was the observation that frames "dilate" to 
Riesz bases. This was proven at the beginning of [ [15] (see also [221 P- 145] ), and 
was then used to obtain results on Gabor frames, more generally frames generated 
by the action of unitary systems, and certain group representations. The dilation 
result for the special case of Parseval frames can be simply deduced from Naimark's 
dilation theorem for positive operator valued measures, in fact from the special case 
of Naimark's Theorem specific to purely atomic positive operator valued measures. 
W. Czaja gives a nice account of this in [S], along with some new dilation results. 
V. Paulsen gives a nice proof of Naimark's theorem in using the theory of 
completely positive mappings. Similarly, we use dilation theory in the present 
paper to work with operator-valued frames. 

Consider a multiframe generator {ipi,4'2} for a unitary system U, that is two 
vectors in a Hilbert space H for which the collection {Uipm | f/ G U, m = 1, 2} 
forms a frame: 



for some positive constants a and h and all x G H. Set Ho := C^, choose {ei, 62} to 
be an orthonormal basis of Ho, define the rank- two operator A given ior z G H by 
Az := {z,^i)ei + {z,ip2)e2 and then denote Au := AU* . Then equation ([!]) holds 



[20l[Ta|2T]. 



(1) 
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precisely when 

al A*jjAu < bl, 

ueu 

where the series converges in the strong operator topology. In other words, in lieu 
of considering the two vectors {ipi, "02}, we can consider the rank- two operator A. 

The above is a simple example of an operator valued frame generator and leads 
naturally to the more general Definition 12.11 below of an operator-valued frame 
consisting of operators with ranges in a given Hilbert space Hq and the frame 
condition is expressed in terms of boundedness above and below of a series of 
positive operators converging in the strong operator topology. So, the usual (vector) 
frames can be seen as operator- valued frames of "multiplicity one" . 

It is easy to recover from the operator A defined above the vectors ipi and 'ip2 
that were used to define it, and, in general, to decompose (but not uniquely) an 
operator- valued frame in a (vector) multiframe (see comments after Remark l4.10l ) 
However, we expect that this paper will make clear that "assembling" a multiframe 
in an operator-valued frame is more than just a space-saving bookeeping device. 

Indeed, Operator Theory techniques permit to obtain directly for an operator- 
valued frame (and hence for the related vector multiframe) properties known for 
(vector) frames. 

More importantly, however, treating multiframes as operator-valued frames per- 
mits to parametrize them in an explicit and transparent way and thus handle the 
sometimes major differences that occur when the multiplicity rises above one, and 
in particular, when it is infinite. 

A case in point, and in a sense our best "test" of the usefulness of the notion 
of operator-valued frames, is the analysis of frame generators for a discrete group 
(see [E] and Section [6] for a review of the definitions) . Han and the second named 
author proved in [TSl Theorem 6.17] that the collection of all the Parseval frame 
generators for a given unitary representation {G, tt, H} of a countable group G 
is (uniquely) parametrized by the unitary operators of the von Neumann algebra 
7r(G)" generated by the unitaries tt^ of the representation. Since the unitary group 
of any von Neumann algebra is path-connected in the norm topology, the collection 
of all the Parseval frame generators is therefore also path-connected, i.e., it has a 
single homotopy class. 

As soon as dim iJo > 1, the above parametrization is no longer sufhcient (see 
Remark 1 7. 7|) . and it must be replaced by a new parametrization involving a class of 
partial isometrics of a different von Neumann algebra (see Theorem 7.1, Proposition 

m. 

Furthermore, when dim Ho — oo, it is possible to show that the partial isometrics 
involved in this parametrization are not path-connected in the norm topology (they 
are path-connected in the strong operator topology, though). Nevertheless, we 
prove in (Theorem 18. ip that the collection of operator frame generators is still 
norm connected, precisely when the von Neumann algebra generated by the left 
(or right) regular representation of the group has no minimal projections. The key 
step is provided by Lemma 18.41 where the strong continuity of a certain path of 
partial isometrics is parlayed into the norm continuity of the corresponding path of 
operator frame generators. 

One of the main themes of this article is the analysis of one-to-one parametriza- 
tions of operator-valued frames in general, and of operator frame generators for 
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unitary systems and groups in particular. In the process we extend to operator- 
valued frames many of the properties of vector frames. More in detail: 

In Section [5] we define operator- valued frames, their analysis operators and their 
frame projections, and then prove that the dilation approach of [I5j carries over 
to the higher multiplicity case, i.e., that Parseval operator- valued frames are the 
compressions of "orthonormal" operator-valued frames, namely collections of par- 
tial isometries, all with the same initial projection and with mutually orthogonal 
ranges spanning the space. 

In Section [3] we obtain a one-to-one parametrization of all the operator- valued 
frames on a certain Hilbert space i?, with given multiplicity and index set, in terms 
of a class of operators in the analysis operator Hilbert space (partial isometries if 
we consider only Parseval frames). 

In Section |4] we study two kind of similarities of operator- valued frames. The 
similarity obtained by multiplying an operator-valued frame from the right gener- 
alizes the one usual in the vector case and inherits its main properties. For higher 
multiplicity, however, we have also a similarity from the left which has different 
properties. We characterize the case when two operator-valued frames are similar 
both from the right and from the left, in terms of the parametrization mentioned 
above (Proposition I4.8P . We also discuss composition of frames, when the range of 
the operators in one frame matches the domain of the operators in a second frame 
and we present this notion as the tool to decompose an operator-valued frame into 
a (vector) multiframe. 

In Section [5] we define and parametrize the dual of operator- valued frames and 
extend to higher multiplicity also the notions of disjoint, strongly disjoint, and 
strongly complementary frames that were introduced in [15j for the vector case. 

In Section [6] we start the analysis of operator frame generators for unitary sys- 
tems. The notion of local commutant introduced in ^ has a natural analog in the 
higher multiplicity case (see 16.21 ) Unitary representations of discrete groups have 
an operator frame generator with values in Ho precisely when they are unitarily 
equivalent to a subrepresentation of the left regular representation with multiplicity 
dim Ho, i.e., A /q with lo the identity of B{Ho) (Theorem I6.5p . This result was 
previously formulated in terms of (vector) multiframes in [15[ Theorem 3.11]. 

In Section [7] we present parametrizations of operator frame generators for a dis- 
crete group represention (Theorem 17. ip . As mentioned above, higher multiplicity 
brings substantial differences with the vector case, which are illustrated by Propo- 
sition 17.61 

As already mentioned. Section [8] studies the path-connectedness of the operator 
frame generators for a unitary representation of a discrete group using von Neumann 
algebras techniques. 

Finally, let us notice explicitly that although in the applications, frames are 
mainly indexed by finite or countable index sets and the vectors in a frame belong 
to finite or separable Hilbert spaces, and similarly, discrete groups are finite or 
countable, we found that making these assumptions provides no simplification in 
our proofs (with one very minor exception). Thus we decided to state and prove 
our results in the general case. The only thing to keep in mind when the index set 
J is not finite or N, is that the convergence of X^jgji means the convergence of 
the net of the finite partial sums for all finite subsets of J. 
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2. Operator valued frames 

Definition 2.1. Let H and Ho be Hilbert spaces. A collection {A j}jizj of operators 
Aj G B{H, Ho) indexed by J is called an operator-valued frame on H with range in 
Ho if the series 

(2) Sa Yl 

converges in the strong operator topology to a positive bounded invertible operator 
Sa- The frame bounds a and b are the largest number a > and the smallest 
number b > for which al < Sa < bl . If a — b, i.e., Sa = o,I , then the frame is 
called tight; if Sa = I, the frame is called Parseval. snp{rank(Aj) \ j G 1} is called 
the multiplicity of the operator-valued frame. When the reference to H, Ho, and J 
is understood, we denote by 3^ the set of all the operator-valued frames on H , with 
ranges in Ho and indexed by J. 

If the operator-valued frame has multiphcity one, the operators Aj can be iden- 
tified through the Riesz Representation Theorem with Hilbert space vectors and 
hence in this case an operator-valued frame is indeed a (vector) frame under the 
usual definition. Explicitly, if Aj is the rank one operator given by Ajz = {x, Xj)ej 
for some unit vectors Cj € Ho, some vectors Xj G H and all z G H, then 
Sa = J2jej ^j^jjj hence Sa is bounded and invertible if and only if al < Sa < bl 
for some a, b > 0, namely, 

a\\xf <{Sax,x) = J2 \{x,x,)\^ <a\\x\\' 

for all x £ H. This is precisely the condition that guarantees that {xjjjgj is a 
(vector) frame. 

Notice that if {A-j\j!^j £ 3^ and if {em}m<£M is an orthonormal basis of Ho, then 
it is easy to see that {A*e,„}(j ,„)gj[xM is a (vector) frame on H, i.e., operator- 
valued frames can be decomposed into (vector) multiframes. We will revisit this 
decomposition when discussing more generally frame compositions. 

The advantage of treating a collection of vectors forming a multiframe as an 
operator-valued frame is that we can more easily apply to it the formalism of 
operator theory. This already evidenced by the next example. 

Example 2.2. Let K be an infinite dimensional Hilbert space and let {V„}„gN 
be a collection partial isometrics with mutually orthogonal range projections VnV* 
summing to the identity and all with the same initial projection V*Vn = Eo. Let 
P G B{K) be a nonzero projection and let An :— V*P G B{H,Ho) where we set 
H := PK, Ho := EoK . Then 

OO OO 

^ AlA^ = P(^ KK) P\PK - P\pK - 

n—l n—1 

i.e., the seguence {A^} is a Parseval frame with range in Ho. 

By introducing the analysis operator (also called frame transform, e.g., [15j). we 
will see that this example is 'generic' (see Proposition 12.41 below.) 
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Analysis operator. Given a Hilbert space Hq and an index set J, define the 
partial isometries 

(3) : Ho3 e.j®he ® Ho 

where {e^} is the standard basis of i?^(JJ). Then 



(4) L*L, - 



lo if « = 3 
and 

(5) = 

where / denotes the identity operator on P (J) and lo denotes the identity operator 
on Ho- 

Proposition 2.3. For every S 3^, 

(i) The series "^j^jLjAj converges in the strong operator topology to an operator 
9a€ B{H,e{I)®Ho) 

(ii) Sa = e\9A 

(iii) {j4j}j£j is Parseval if and only if 9a is o,n isometry 
Proof. For every x Cz H 

\\9ax\\^ = Y,\\LjAjx\\^ ^Y^W^i^W^ = iSAX,x), 

where the first identity holds because the operators Lj have mutually orthogonal 
ranges, the second one holds because they are isometries, and the third one holds 
by the definition ([2|) of Sa- These identities and routine arguments prove (i)-(iii). 

□ 

Explicitly, 

(6) = 

and for every x E H, 9a{x) = J2jes (^J ^ ^j^)- ^ consequence of Proposition 

ESKii), 

— 1/2 

(7) 9aS^ ' is an isometry 
and hence 

(8) Pa := OaS^'9*^ 

is the range projection of 9aSj^ and hence of 9a- Moreover, {Aj}j^^ is Parseval 
if and only if 9a9'^ is a projection. 

Given {Aj}jfz^ e J, the operator 9a G B{H,l{S) (g) Ho) is called the analysis 
operator and the projection Pa € B{£{^) Ho) is called the frame projection of 

The analysis operator fully 'encodes' the information carried by the operator- 
valued frame, namely the frame can be reconstructed from its analysis operator via 
the identity 

(9) Aj^L*9a foraUjeJ. 
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Indeed, 

by O- In particular, two operator- valued frames {Ajlj-gj and {Sjjjgj e 3^ are 
identical if and only HOa — Sb- Also, 

(10) 0i = ^ 

where the convergence is in the strong topology, because by (O, A* = 0\Lj and 
LjL* are mutually orthogonal projections that sum to the identity I®Io of t{l)®Ho. 
The same argument shows that for any two operator- valued frames {Aj}j^j and 

(11) 0*bGa ~ ^ B*Aj in the strong operator topology 

Recall now that Parseval (vector) frames were shown in [TF, Proposition 1.1] to 
be compressions of orthonormal bases. The higher multiplicity analog of that result 
is given by the following proposition. 

Proposition 2.4. For every G J, there is a Hilbert space K containing 

H and Ho, a collection of partial isometrics {V^IjgJ with the same domain Ho 
and with mutually orthogonal ranges spanning K , and a positive invertible operator 
T G B(H) such that Aj = V*T for all j G J. In particular, if {Aj}j^^ is a Parseval 
frame, then T can be chosen to be the projection on H . 

Proof Let K = f (JJ) (g) Ho- Identify Ho with C <S) Ho C K and identify H with 
its image PaK under the isomorphism OaSa (see Q). Then for all j G J, we 
identify A^ with 



A,{dASA^I^r . „ = L*,(BaS'a^'B*a) 



1/2, 



PaK 



PaK 
— 1/2 

Clearly, T := OaSa ^*a\pj<: positive and invertible and it is the identity Pa\pj^ 
on H if and only if {Ajjjgj is a Parseval frame. □ 

In analogy with the vector case (see [151 Chaper 1]), we introduce the following 
terminology. 

Definition 2.5. An operator-valued frame {yljjjgjj for which Pa ~ I®Io is called 
a Riesz frame and an operator-valued frame that is both Parseval and Riesz, i.e., 
such that 9\9a — I and 9a9\ — I ® Io, is called an orthonormal frame. 

Remark 2.6. If we identify operator-valued frames with their images in the anal- 
ysis space ® Ho, (i.e., up to right unitary equivalence of the frames, in the 
notations of Section^ below), then 

(i) General frames are the frames of the form {L*T}j^j for some positive operator 
T = PTP invertible in B{P£{I) (g) Ho) and some projection P G -B(£(J) ig) Ho). 
The operator T and the projection P are uniquely determined ( up to Hilbert space 
isomorphism, i.e., right unitary equivalence of the operator-valued frames). 

(ii) Parseval frames are the frames of the form {L*P}jgj for some projection P in 
B{e{J)<»Ho). 
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(iii) Riesz frames are the frames of the form {L*T}jgj for some invertible operator 
T £B{i{S)®Ho). 

(iv) {L*}jgj is the unique orthonormal frame. 

In particular, in the notations of Section^ Riesz operator-valued frames are the 
frames that are right-similar to an orthonormal frame (cfr.15. Proposition 1.5] ). 

Remark 2.7. Notice that in the definition of an operator-valued frame {Aj}j^^ 
there is no request for Ho to be "minimal", i.e., for drniHo to coincide with the 
multiplicity of the frame, i.e., with swp{rank Aj \ j S J}. In fact we can consider 
the operators Aj as having range in a "larger" Hilbert space, e.g., in H itself. Doing 
so will produce a new analysis operator into a "larger" space, however, both analysis 
operators will carry the same information about the original frame, which can be 
recovered equally well from either of them. 

3. PARAMETRIZATION of operator- VALUED FRAMES 

In this section we show that all the operator-valued frames with the same multi- 
plicity and same index set, operating on the same Hilbert space (up to isomorphism) 
can be "obtained" from a single operator-valued frame. Consider first Parseval 
frames. Following the dilation viewpoint (cfr. Proposition 12.41 above), we can im- 
merse all these frames in the analysis space £{I) ^ Ho by identifying them with the 
compression of to their frame projection. Since all the frame projections 

are equivalent (each range is isomorphic to the original Hilbert space of the frame) , 
the partial isometries implementing these equivalences will provide the link between 
the frames. To make this idea precise, and to handle at the same time frames that 
are not Parseval, we introduce the following notation. 

Given {Aj}j^j £ 3^, define 

(12) Ma := {M £ B{£{I) (g) Ho) \ M = MPa, M*M|p^(j,)^^^ is invertible}. 

Equivalently, Ma := {M £ B{Pa£{I) ® Ho,i{I) ® Ho) \ M is left invertible}. If 
M £ Ma, denote by (M*M)-i £ B{PAi{J) ® Ho) the inverse of M* M\p^^j^^fj^. 

Theorem 3.1. Let {Aj}jgj £ 'J. For all {_Bj}jgj £ 3^ define 

(13) <^A{{B,},ei)--=OBS-/e\. 

Then $a : 9^ ^ Ma is one-to-one and onto and (M) = {L*M9A}j£i for all 
M £ Ma. //{Bj}jGj £ J and M := $^({Bj}jgj), then 0b = MOa and 

Vm A/(Ar A/)-i/2 

is a partial isometry that implements the equivalence Pb ^ Pa, i-e., Pb = VmV^.j 
and Pa = V^jVm. 

Proof Let {Bj}jeJ e 3" and let M $A({Sj}jej). Then MPa = M because Pa 
is the range projection of 6 a- Moreover, 

M*M = 9AS^^9*B9BS^^e\ > 0AS^^aIS^^9\ > ^9aS2^9*a = ^Pa, 

where a is a lower bound for Sb and b is an upper bound for Sa. Thus M*M 
is invertible in B{Pa£{S) ^ Ho) and hence M £ Ma, i-e, $a maps into Ma- 
Assume now that ^A{{Bj}jei) ~ ^Ai{Cj}jeJs) for two frames in 5". Since 
9b = 9bS^^9\9a = MdA, it follows that 9b = 9c, and by ©, the two frames 
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coincide, i.e., $a is injective. We prove now that $a is onto. For any M e Ma, 
define {Bj := L*M0A}jel- Then 

= Y.^*AM*L,L*MeA = e\M*M9A < \\M\\^e*A0A = \\M\\^Sa. 

Similarly, 

Y,B*B, > \\{M*Ad)-^-'SA, 
which proves that {Bj}j^^ is an operator- valued frame. Moreover, 

0B = J2^i^^ = Y1 LjL*M0A ^ MO A. 

jeJ 'jel 

We have just seen that 0b = <^A{{Bj}j^s,)(^A- Thus M0a = $A({Si}jeJi)^A and 
hence 

M = MPa = M0AS-A^e*A = ^^({S.lja)^^^^'^! = 

This proves that the map $a is onto and that <^^{M) = {L*M9A}jei for aU M 
in "Ma- It remains only to compute Pg, which by definition, is the range projection 

— 1/2 

oi 0B — M0A- Since A/ = MPa and 0^ is one-to-one (recall that OaS^^ is an 
isometry), Pb is the range projection of M. Now 

VmVm = {M* M)-^''^M* M{M* M)-^/"^ = Pa 

(recall that (M*M)~i denotes the inverse of M*M in B(Pa^(J) i?o)), hence Vm 
is a partial isometry. Since (M*M)~^/^ is invertible, the range of Vm coincides 
with the range of M, and hence Pb = VmVm- 

□ 

An easy consequence of Theorem 13.11 and its proof is the following: 
Corollary 3.2. If {Aj}j^^,{Bj}j^j^ and {Cj jjgj are operator-valued frames, then 

a>A({Qba) = ^b{{c,}j<,,)^a[{Bj},^,). 

This corollary shows that $A({-Bj}jgj) behave like a partial isometry with ini- 
tial projection Pa and range projection Pa- In fact, if both frames are Parseval, 
<^A{{Bj}j!^j) is precisely a partial isometry with these initial and range projections. 

Since every operator-valued frame is right-similar to a Parseval frame, (see Defi- 
nition [Hi] below), we can focus on Parseval frames. For ease of reference we present 
in the following corollary the main result of Theorem 13.11 formulated directly for 
Parseval frames. 

Corollary 3.3. Given a Parseval operator-valued frame {Aj}j^^ g 5", then 

{{L*VeA}jeJ I V e B{e{2) ® Ho),V*V = Pa}. 
is the collection of all Parseval operator-valued frames in 5". The correspondence is 
one-to-one: if V e B{iQ) (g) Ho),V*V = Pa, and {Bj := L*V0A}jel € 3^, then 

V = 0B0*A. 

Proof. We need only to show that when {Aj}j^^ e 3^ is Parseval and M e Ma, then 
the operator- valued frame <i>^^(M) := {Bj : L*M0A}jes) is Parseval if and only if 
M is a partial isometry This is clear since 0b0*b = M0a0*aM* = MPaM* = MM* 
and as remarked after equation ([5]), {Sjjjgj is Parseval if and only if 0bO*b is a 
projection. Finally, V = M = ^A[{Bj}jel ) = ObO*a since S'^^ = /. □ 
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4. Similarity and composition of frames 

For operator valued frames with ranges in Ho where Ami Ho > 1 there are two 
natural distinct notions of similarity which are called 'right' and 'left'. 

Definition 4.1. Let {Aj}j(zj,{Bj}j(=^ e J. We say that: 

(i) {Bj}j^j is right-similar (resp., right unitarily equivalent) to {Ajjjgj ij there is 
an invertible operator (resp., unitary operator) T G B{H) such that Bj = AjT for 
all j e J. 

(ii) is left-similar (resp., left unitarily equivalent) to {Aj}j^^ if there is an 
invertible operator (resp., unitary operator) R G B{Ho) such that Bj = RAj for all 

je J. 

When dim_ffo = 1, the left similarity is trivial (a multiplication by a nonzero 
scalar) and the right similarity is just the usual similarity of the vector frames 
(corresponding to the operators, i.e., functionals, by the Riesz Representation The- 
orem) . 

We leave to the reader the following simple results about right similarity. 

Lemma 4.2. Let {Ajjjgj S 3^ have frame bounds a and b, i.e., al < Sa < bl , let 

T G B{H) be an invertible operator, and let {Bj :— AjT}j^^. Then 
(i) {Bjljgj G ? and jjSrpI < Sb < ^II^^IP^- particular, if T is unitary, then 

{-Bjljgji has the same bounds as {Aj}j^^. Assuming that {Aj}j^^ is Parseval, then 

{-Bjljgji is Parseval if and only if T is unitary, 
in) 9b = OaT and Sb = T*SaT 

(iii) ^Am},e,)^9ATS^'9\. 

Now we characterize right-similar frames. 

Proposition 4.3. Let {Aj}j(z^,{Bj}j(=^ G J and let M := ^Ai{Bj}jei)- Then the 
following conditions are equivalent: 

(i) Bj = AjT for all j G J for some invertible operator T G B{H), i.e., {{Aj}j^j 
and ({Bjljgj are right- similar. 

(ii) 6b = 9aT for some invertible T G B{H). 

(iii) M = PaMPa is invertible in B(P4^(J) ® Ho). 

(iv) Pb^Pa- 

If the above conditions are satisfied, the invertible operator T in (i) and (ii) is 
uniquely determined and T = 9\9b. 

In the case that {Ajjjgj is Parseval then {_Bj}jgjj is Parseval if and only if the 
operator T in (i), or equivalently in (ii), is unitary. 

Proof. 

(i) <;=^ (ii) One implication is given by Lemma and the other is immediate, 
(h) =^ (iii) We have 9b = 9aT = {9aTS^^9\)9a. Let N := 9aTSJ^9% then 

N*N = [9ATSA^9\y{9ATSA^9\) = 9aS^^T* SaTS^^9*a 
> a\\Tf9AS),'9\ > ^^9aSj'9*^ = ^Pa, 

and NPa = {9aTS^^9\)Pa = N. Thus N e Ma and by the injectivity of the 
map $A in Theorem O M = 9aTS^^9\. We now see that also PaM = M, i.e., 
M = PaM Pa- Furthermore, 

M{9aT-^S^^9*a) = 9aTT-^S)^^9\ = 9aS^^9*a = Pa, 
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and similarly, {eAT-'^SA^e\)M = Pa- Thus M is invertible in B(Pa^(JJ) ® Ho). 

(iii) =^ (iv) By Theorem lS-H Pb — [M], the range projection of M . By hypothesis, 
M is invertible in B(P^£(J) ® Ho), hence [M] = Pa- 

(iv) =^ (ii) Since 0b = ^'s^b = PaOb = ^'a(5'^^^^^b), it suffices to show that 
S^9\6b has an inverse, namely Sg^9g9A- Indeed, 

S^^6\9BSj^^9g6A = Sj^^9\Pb9a = -S'^^^I^a^a = Sji^^9\9a = I 
Similarly, 

Sb^9*b9aSa^9\9b = Ss^9*bPa9b = Ss'9*bPb9b = Ss'9*b9b = L 
The uniqueness is then easily established. 

□ 

Remark 4.4. 

(i) For every operator-valued frame {Bj := AjS^^ is a Parseval 
operator-valued frame. Thus every operator-valued frame is right-similar to a Par- 
seval operator-valued frame. Every operator-valued frame right unitarily equivalent 
to {Bj}j^^ is also Parseval and right-similar to {Aj}j^j. 

(ii) The equivalence of (i) and (iv) is the higher multiplicity analog of Proposi- 
tion 2.6 and Corollary 2.8]. 

Now we consider left similarity. 

Lemma 4.5. Let {Aj}j^j he an operator-valued frame having frame hounds a and 
b and let R G B{Ho) be an invertible operator. Then 

(i) {Bj is an operator-valued frame and jj^^rpl < Sb < ^II^IP^- -^^ 
particular, if R is unitary, then {_Bj}jgj has the same frame bounds as {Ajljgj. 

(ii) 9b = {I®R)9a, Sb = 9\{I®R*R)9a, Pb = [{I®R)9a] is the range projection 
of{I®R)9A, and ^a{{Bj},^j) = {I ® R)Pa. 

(iii) Assume that {Aj jjgj is Parseval. Then {Bj}j^^ is Parseval if and only if 
Pa{I ® R*R)Pa ~ Pa, if and only if Pb = {I ^ R)Pa{I ® R*). In particular, this 
holds if R is an isometry. 

(iv) Pb is unitarily equivalent to Pa. 

Proof. 

(i) Obvious. 

(ii) For every R e B{Ho), h E Ho, and j G J, from the definition of Lj we have that 
LjRh = Cj (g) Rh= {I (g) R)Ljh, i.e., LjR = (/ R)Lj. Then 

9b = J2 ^o^^i ^ XI ® P)L3Aj = (/ R)9a. 

Consequently, Sb = 9*b9b = 9\{I ® R*R)9a. Clearly, M := [I ® R)Pa G and 
since 9b = {I ® R)9a = M9a, by the injectivity of in Theorem 13.11 it follows 
that ^A{{Bj}j^j) = M. This can also be verified directly from 

$A({5j},ej) = eBSA^9*A = (/ ® R)9ASA^e\ = (/ R)Pa. 

(iii) Immediate from (ii). 

(iv) Denote by N{X) the null projection of the operator X . Then 

Pi = [(/ ® R){9a]^ - [(/ ® R){9a9*a)''^]^ = N (^i9A9*A)'/^I ® R*)) • 
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Now a; e iV {{eA0*A)^/^{I ® R*)) if and only if x e {I ® R*)-'^N {{eAO*^^/^), thus 

where we use the well known fact [X] ^ [X*]. Since Pb ^ Pa (e.g., see Theorem 
13. ip . it follows that Pb and Pa are unitarily equivalent. 

□ 

In Proposition 14.31 we have seen that the invertible operator implementing the 
right similarity of two operator-valued frames is uniquely determined and that it 
must be a unitary operator when both frames are Parseval. The following example 
shows that neither of these conclusions hold in the case of left similarities. 

Example 4.6. . Let H := Ho := C^, Qi,Q2 be two orthogonal (rank-one) 

projections in B{Ho), let P := I ® Qi, and let {Aj := L* PIp^^-^^h }j6J- 
Examvle \2.2l {Aj}j^^ is a Parseval operator-valued frame. Moreover, for every 
X =/= 0, R := Qi + XQ2 is an invertible operator and 

RAj = RL* P\piQ-)^Ha = L*{I ® R) P\pt(i)(x,Ho 

= L*{I®{Qi + \Q2)) {I®Qi)\pii^)^H^ = L* P\peQ)^H^ = A,. 

If ^jljgji and {Bj — RAj}j^^ are two left-similar Parseval operator-valued 
frames, Pb = {I ® R)Pa{I ® R*) by Lemma and furthermore there is a unitary 
operator U for which Pb = UPaU* . The following example shows that it can be 
impossible to choose U G I (E) B{Ho). 

Example 4.7. . Let H :— ^^(JJ), Ho '■= C'^, Pi, P2 be two orthogonal projections in 

Define P -.^ P^^ (g, + P^ (g, Q2, {Aj L* P\p(,q)^hJj£^' {Bj := PAj}jgj. 
Then by Examvle \2.iA {Aj} is a Parseval operator-valued frame and Pa = P. Since 

P{L (g) R*R)P Pi ® QiR*RQi + P2 ® Q2R*RQ2 = Pi ® Q+P2 <E)Q2 = P, 

by Lemma \4-5\ (i) and (Hi), {Bj^j^j is also a Parseval operator-valued frame and 

Pb = {1® R)eAO*A{l (g R*) = (1 ® P)P(1 (g R*) 

= Pi ® RQiR* + P2® RQ2R* ^ Pi®Qi + P2® Q3. 

This implies that if Pb = UPU* for some unitary U, then U ^ L g) B{Ho). Indeed 
if U ~ 1 (gW for some unitary W G B{Ho), then by the above computation 

Pb = Pi® WQiW* + P2'g WQ2W* = Pi (g Qi + P2 (E) Qs 
which is impossible since WQiW*WQ2W* = while Q1Q3 =/= 0. 

Operator-valued frames can be both right and left-similar. The following propo- 
sition determines when this occurs. 

Proposition 4.8. Let {Aj}j^^ G J', R £ B{Ho) be an invertible operator, and let 
{Bj := RAj}j^^. Then the following conditions are equivalent. 

(i) and are right- similar. 

(ii) (/ (g R)Pa = Pa{I E) R)Pa is invertible in B{PaI{2) ® Ho). 

(iii) P^{I (g R)Pa = and P^{I (g R-^)Pa = 0. 
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(iv) 

(14) RA, = A,S^^ A*RAj for every i e J. 
and 

(15) R'^A, = A.S^^ A*R-^Aj for every i e , 



(v) 



and 



every z G JJ. 



(16) (r£A*RA\ =S-/{Ya:jR-'A,)S-/ 

// i? is unitary, then these conditions are also equivalent to 

(vi) {I®R)PA^PAiI®R)- 

(vii) R commutes with AjS^^A* for all i,j J. 
Proof. 

(i) ^ (ii) Let M ^^({Bjljej). Then by Lemma SH M = {I ® R)Pa. By 
Proposition [4?3l {Bj}j£j is right-similar to {Aj}j^j if and only if MPa — PaMPa 
is invertiblc in i?(f (J) (g) ifo). 

(ii) (iii) Set 



{I®R) 



_i / Pa(/ <^ -R"')Pa /'a(/ R-^))Pa 



\Pi{I ® R-^))Pa Pi{I®R-^))Pi, 
Then it is immediate to verify that Pa{I ® R^^))Pa = if and only if 
{Pa{I (it> R)Pa){Pa{I ® R~^)Pa) = Pa. 

and if and only if Pa{I ® R)Pa is invertible. 
(iii) (iv) Recall that (/ (g) R)Lj = LjR for aU j e J, and that Pa = OaS^'^O^. 

Therefore 

(/ (g> r)Pa ^{i® R)eAS^^e*A = (/ ® i?) ^ LjAjS^^e*A = ^ L^RAjS^^e^ 

and 

Pa(/ i?)/'A - 9ASA^e*A{i ® R)eASA^e*A 

= {Yl,A,)S-/{Y A*L*{I ® R)L,A,)SlH*A 
= {Yl,A,)S~/{Y A*RLtL,A,)S-/6*A 
= {Yl,A,)S-/{YA*RA,)S-/6*a. 
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Hence P^{I (g) R-^)Pa = if and only if 



A- 



Similarly, 



Thus 



(17) LjRA,s-/e\ = {Y. L,A,)s-/{Y. A:*RA,)s-/e 

By multiplying (|17p on the left by L* and on the right by 9a, we obtain 
Conversely, by multiplying (fT4|) on the left by Li and on the right by S^^9\ and 
summing over ? G JJ we obtain back p7|) . Thus P^il ® R~^)Pa = is equivalent 
to HH). By the same argument, -P4 (/ ® R^^)Pa = is equivalent to 
(iv) 4=> (v) Assume that ([TH) and ((T5]) hold. Then 

A* A,^A*R-^ A, S^^iY A* RAj ) for all i 

and hence by summing over i G J and then multiplying on the left and on the right 
by S^^'^ we obtain 

s-^''\Ya*r-'a,)s-/{Y.^*,R'^^)Sa"^ = ^- 

and hence (|16|1 holds. Conversely, if (fT4|) and (fT6|) hold, then by multiplying p4|) 
on the right by the right hand side of (fT6|) we easily obtain (fT5|) . 

Assume now that i? is unitary, 
(iii) (vi) Obvious 

(vi) (vii) As seen above in course of the proof of (iii) <;=^ (iv), 

(I®R)Pa = E LjRAjSa^A*L* 

and 

pa{i®r) E 

Thus 

By multiplying this identity on the left by L* and on the right by Li and recalling 
(III we obtain (vii). 

(vii) (iv) For every i S J, 

Y A*RAj = ^ A*Aj = 

i.e., holds. Since i?^^ = i?* also commutes with all AjS^^A*, the same 

argument shows that (|15p too holds. □ 
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Composition of frames. Let A — {Aj}j^i be an operator- valued frame in 
B{H,Ho) and B = {Bm\m£M be an operator-valued frame in B{Ho, Hi). Then 
it is easy to check that {C(mj) := -Bm^jImeMjeji is an operator-valued frame in 
B{H,Hi). The operator-valued frame {C(m j)gMxj is called the composition 
of the frames A — {^j}jej and B = {Bm}meM- 

Proposition 4.9. Let {C(„ij) := S„iylj}(-„jj-)gjyixj be the composition of the 
operator-valued frames {Aj}j^j and B = {Bm}meu- Then 

(i) 9c — {I^ <X) Ob)Oa and Sc = ^'^(^ji ^ Sb)Oa where /j is the identity on ^^(J). In 
particular, if {Aj}j^^ and {i?m}mGM are Parseval, then {C(m.j)}r?xGMjGJ Parse- 
val. 

(ii) If Pa commutes with (/j (g) Sb), then Pc = (/j (8) 9B)PA{h ® Sg^)PA{h ® 0*b)- 
Proof. 

(i) Let {cjljgj and {fm}meu denote the standard orthonormal bases of £'^{S) and 
^^(M), respectively. Then for any x E H, 

= ^ (e-,- (K) f„i «) B„^AJx) = 9c{x). 

The formula for S";;; now follows directly, as well as the Parseval case. 

(ii) If Pa commutes with (/j ® Sb), then 

PA{h ® Sb^)Pa = {PAih ® Sb)Pa)~\ 
hence 5^:^ = 5^^6';i(/ji S's^)6'aS'a\ and thus 

= (/j ® 9B)PA{h ® Sg')PA{k ® Ob). 

□ 

Remark 4.10. 

(i) If the composition of an operator-valued frame {i?-m}mei[ with the frame {Ajjjgj 
is the same as the composition with the frame {A'j}j^j, then {Aj}j£^ = {A^ j^gj. 
Indeed, if BmAj — B^Aj for all m € M. and j G J, then 

B*iB„iAj = SbAj = SbA'j, 

meM 

and hence Aj = A'^, since Sb is invertible. 

(ii) Assume that {J^^^ AjHo is dense in Hq. Then the composition of {Aj}j^j 
with {Bm\meM equals the composition of {Aj}j^j with {B'm}meM if and only if 

{Bm}i& = {B'm}m<3A- 

Given an operator- valued frame {Aj}j^^ with Aj G B(H,Ho) and given an 
arbitrary vector frame {-BmjmeM with Bm G B(Ho,C), we can view the vector 
frame {C^^ j) := i?jn^j}(m,j)GMxj to be a "decomposition" of the original operator- 
valued frame. 

This decomposition is of course not unique. For instance, in the discussion after 
Definition 12.11 we chose {-BmjmeM to be an orthonormal basis {em}meM of Ho 
and then C(mj) := BmAj corresponds to the vector frame {A*em}(m,j)eMxi- If 
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{^m}"i6M is (right) similar to {i?m}meM, i-c, i?™ — BmR for some invertible 
operator R e B{Ho) and all m e M (i.e., if B'^-^ is a Riesz frame (see Remark l2.6p . 
then C^'^^ := BmRAj corresponds to the vector frame {A*R*em}meM,jei and 
provides a vector frame decomposition both of the operator- valued frame {j4j}jgj 
and also of the left-similar operator-valued frame {RAj}j^^. {A* R* e,n} {m.j)eMxji is 
similar to {A*ern}(m.j)eMxi only if R satisfies the conditions of Proposition P:left 
right. However, if T € B{H) is invertible, {TA*em}{m,j)eMxi is by definition 
similar to {A*em\(m.j)£Mxi and provides a vector decomposition of the operator- 
valued frame {AjT*}j(zi. 

5. Dual Frames, Complementary Frames, and Disjointness 

Dual frames. A vector frame {hj}ji^j on a Hilbert space H is said to be the dual 
of another vector frame {ajljej on H if 

X — [x, aj)bj for all x ^ H. 

It is well known and easy to see that this condition can be reformulated in terms 
of the analysis operators 6b and 6a of the two frames as 

In particular, {Da^aj}j,^j has analysis operator 6aDa^ and is called the canonical 
dual of the frame {fljljej (other duals are called alternate duals). When {aj}j^j 
is Parseval, the identity 

X — 6*6aX — {x, aj)aj for all x € H 

is called the reconstruction formula (see |151 Sections 1.2, 1.3]) 
These notions extend naturally to operator valued frames: 

Definition 5.1. Let {Aj}j^j,{Bj}ji^^ G 3^. Then {Bj}j^j is called a dual of 
{yljljgj if 6*^6 ~ I. The operator-valued frame {AjS^^}j^j is called the canon- 
ical dual frame of {Aj}j^j. 

Remark 5.2. 

(i) Notice that 6g6A — I if and only if 6\6b = I, i.e., {i?j"}j"eJl *s a dual of {Aj^jtz^ 
if and only if {Aj}j^j is a dual of {Bj}j^j (cfr. [HI Proposition 1.13]j. 

(ii) If we consider two operator-valued frames {Ajjjgji with Aj G B(Hi,Ho) and 
{Sjljgj with Bj € B{H2, Ho) with a given unitary U : Hi i— )■ H2, and we want to 
keep track of the different Hilbert spaces, then we would define duality between them 
(relative to the choice of the unitary U ) by asking that 6*^6 a — U, or, equivalently, 
that 6\6b = U*. 

In general, duals are far from unique. Theorem 13.11 provides the natural way 
to parametrize the collection of all the dual frames of a given operator-valued 
frame. Recall that for {Aj}j^jj, {Bj}jfzj € 3', there is a unique M € B{£{J) (g) Ho) 
such that 6b = M6a, M = MPa and M*M is invertible in B(Pa^(JJ) ig) Ho), 
namely M :— ^Ai{Bj}j^ji). In the two-by-two matrix relative to the decomposition 

Pa + Pa =1^ lo, M = ^ ] and X*X + Y*Y invertible. 
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Proposition 5.3. Let {Aj}j^Tj,{Bj}j^j e J and let M := ^A{{Bj}j^^). Then the 
following conditions are equivalent. 

(i) {-SibeJ *s a dual o/{Aj}jgj. 

(ii) X^jGjj ^j^j ~ ^ where the convergence is in the strong operator topology. 

(iii) PAMPA^e\Sf0A. 

In particular, {Bj}j^j is the canonical dual of {Aj}j:^j if and only if M — PaMPa- 
Proof. 

(i) (ii). Obvious by (HH) 

(i) <;=^ (iii) By Theorem 13.11 there is a unique operator M E B(£{I) (g) Ho ) with 
M = MPa and M*MPa \p^{mH„ invertible, for which Bj = L*M0a for all j G J, 
or, equivalently, for which Ob = MOa- Then / = 6*a6b = 9*aM9a if and only if 

PaMPa = e*ASA^e*AMeASA^o*A - e\SA^eA. 

If for some M = MPa, PaMPa = B*aSa^Oa which is invertible, then also 
M*MPa \pjI(S)®h^ invertible. 

By definition, is the canonical dual of {Aj}jizj if and only if 

9b = OaSa"^ = {0aSa^0*a)9a, 
i.e., if and only if M = 6aSa^0*a. 

□ 

By the above proposition, the only operator-valued frames that have a unique 
dual frame are those with range projection Pa = I ® lo- By Remark l2.6i these are 
the Riesz operator-valued frames (cfr. [151 Corollary 2.26]). 

Given an operator-valued frame set M :— <^A{{Bj}j^j) — 

Proposition l5.3l (iii) states that dual frames are characterized hy X — OaSa^O^ (by 
X = Pa if {Aj}j^^ is Parseval.) 

Frames that are right-similar to {Aj^j^^ are characterized by F = (see Propo- 
sition 231) • Thus the only frame that is both right-similar and dual to {Aj}j^^ 
corresponds to X ^ OaSa^Oa and Y — and hence it is the canonical dual of 
{Aj}j^jj. Equivalently, if two right-similar frames are both the dual of a given 
frame, then they are equal. To summarize: 

Proposition 5.4. 

(i) (cfr. Proposition 1.14]j If two operator-valued frames are right- similar and 
are dual of the same operator-valued frame, then they are equal. 

(ii) // two Parseval operator-valued frames are one the dual of the other, then they 
are equal. 

In general there are infinitely many dual frames of a given operator- valued frame 
that are left-similar to it. 

Example 5.5. . Let H := £^S), Ho := C^, Qi (^J ,Q2 (^[j , 
and R .= \ \ \\ . Define P :— I ® Qi and the operator-valued frames 



\ 1^ 

{Aj L* P|p^(j[-)^^^}jgji, and {Bj := RAjjj^zj. Then by Example\KM {Aj} 
is a Parseval operator-valued frame and Pa — P. Now M — {I ® R)P , PMP — P 
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and hence {Bj := is a dual o/{Aj}jgj for every A. However, P^MP = 

/ (g) 1^' /lence every A defines a different operator-valued frame {Bjlj-gj. 

Disjoint frames and complementary frames. The treatment given in [T51 
Chapter 2] for the vector case, generahzes without difficuhies to the higher muhi- 
phcity case. For the readers' convenience we present the definitions and one of the 
key arguments. 

Definition 5.6. Let {ylj jjgj and {_Bj}jgj be two operator-valued frames with 
Aj e B{Ha, Ho) and Bj e B{Hb, Ho) for all j G J . Then the two frames are 
called: 

(i) disjoint if {Aj ©i3j}jgj is an operator-valued frame. 

(ii) strongly disjoint (also called orthogonal) if there are two invertible operators 
Ta e B{Ha) and 

Tb G B{Hb) such that {A^Ta ® BjTB}jes is a Parseval operator-valued frame on 
Ha®Hb 

(iii) strongly complementary if there are two invertible operators Ta S B{Ha) and 
Tb G B{Hb) such that {AjTA®BjTB}js^j is an orthonormal operator-valued frame 
on Ha®Hb- 

Proposition 5.7. Let {Aj}j^j and {Bj}j^j be two operator-valued frames as in 
the Definition \5.6i Then the two frames are: 

(i) disjoint if and only if PaHj D PbHj = {0} and PaHj + PbHj is closed 

(ii) strongly disjoint (orthogonal) if and only if PaPb = (i.e., Pa-LPb ) if and only 
if 9\6b = 0, if and only if 9*^6 a = 

(iii) strongly complementary if and only if Pa + Pb — I ® lo- 

Proof. 

(i) {Aj ® -Bjljej is an operator-valued frame if and only if {AjTa ® BjTB}j£^ is also 
an operator- valued frame for any choice of invertible operators Ta and Tb. Since 
right similarities do not change the frame projections (see Proposition 14. 3p . we can 
assume that both frames are Parseval. Since {Aj © Bj){x (B y) = AjX + Bjy for all 
X S Ha, y G Hb, a simple computation shows that {Aj ® Bj)*z = A*z B*z for 
all z € Ho, hence 

{{Aj ® B.j)*{A.j ® B.j){x ® y), {x ® y)) = {AjX + S^y, A^x + Bjy) 

= {AjX, Ajx) + {Bjy, Bjy) + {AjX, Bjy) + {Bjy, Ajx) 

= {A*AjX, x) + {B*jBjy, y) + {B*AjX, y) + {A* Bjy, x). 

Now sum over JJ using the fact (see (fTT]) ) that all the series converge in the strong 
operator topology, e.g., X^jeji ^j^i ~ 9*^9b and similarly for the other series. Thus 

® Bj)*{Aj ® Bj){x ® y), {x ® y)) = {B^Oax, x) + {OIObV, y) + 

+ {9*^6 AX, y) + {9*A9By, x) = [9 ax + 9 By, 9 ax + 9By) ■ 

As in the proof of [HI Theorem 2.9], the projections Pa and Pb satisfy the condition 
in (i) if and only if 

a\\9AX + 9By\\ < ^\\9axP + pBvW^ = V¥¥+Jy¥ = ® y|| < bpAX + 0sy|| 

for some a, 6 > 0. By definition, this is precisely the condition that guarantess that 
{Aj ® is an operator- valued frame. 



OPERATOR VALUED FRAMES 



19 



(ii) It is clear that the three conditions PaPb = 0, 0*^9b = 0, and O^dA — are 
ah equivalent and that they also imply the condition in (i). If these conditions 
hold, by the proof of (i), ({Da(bb{x © y), {x ® y)) = {Sax,x) + {Ssy^y) for aU 
X € Ha, y G Hb- In particular, Da^b = Ia ® Ib if (and only if) Sa = Ia and 
Sb = Ib, i-e., it is sufficient to choose right similarities that make the two operator- 
valued frames Parseval to obtain that their direct sum is also Parseval. Conversely, 
assume without loss of generality that the direct sum of the frames is already 
Parseval and hence both frames are Parseval, then, again by the computation in 
the first part of the proof, 

WOaxW^ + pAyf - + ||y||2 = {Da®b{x e y), [x e y)) - Pax + OsyW^. 

This clearly implies that the ranges of 6a and 9 b are orthogonal 
(lit) From the proof of (ii), it is easy to see that ii PaPb = 0, then Pa+b — Pa + Pb- 
The rest of the proof is then obvious. 

□ 

Corollary 5.8. Let be an operator-valued frame on a Hilbert space H, 

with range in Hq. 

(i) Up to right unitary equivalence, the collection of strong complements of {Aj}j^^ 
is uniquely parametrized by 

{{L*T}jej I T = PaTPa > 0, T invertible m B{P^£{I) ®Ho)}. 

(ii) Up to right unitary equivalence, the collection of operator-valued frame strongly 
disjoint from {Ajjjgj is uniquely parametrized by 

{{L*T}jei \ P<Pa,T^ PTP > 0, T invertible in B{Pl{i) ® Ho)]. 

6. Unitary Systems and Groups 

General Unitary Systems and Local Commutants. Following the terminol- 
ogy of [9] and 15] a unitary system U on a Hilbert space H is simply a collection of 
unitary operators that includes the identity. Following the customary terminology 
for (vector) frames, we introduce the analogous notion for operator-valued frames: 

Definition 6.1. An operator A G B{H,Ho) is called an operator frame generator 
for a unitary system 11 if {AU*}u<=lU is an operator-valued frame. If {AU*}jjeU 
Parseval, A is said to he a Parseval operator frame generator. 

If dim Ho = 1, i.e., A corresponds to a (unique) vector ^p, then AU* corresponds 
to the vector Uip. Recall from [151 Proposition 3.1] that given a wavelet generator 
for a unitary system U, i.e., a vector ^ such that {C/'i/'ltfeii is an orthonormal basis, 
then a vector (/) is a Parseval frame generator from U if and only if (j) — V^p for a 
(unique) co-isometry V such that {VU — UV)iIj — for every [/ G U. The local 
commutant at -0 is defined in [9, as the collection 

Cv,(U) := {T e B{H) \ {TU - UT)tP = for aU U £ U}. 

The multi-dimensional analog of an orthonormal basis is a collection of partial 
isometries with mutual orthogonal equivalent domains spanning the Hilbert space, 
or equivalently, an operator-valued frame with frame projection 9a0\ = /. 

Proposition 6.2. Suppose that A G B{H,Ho) is a frame generator for a unitary 
system U for which 9a9*a = I- Then an operator B e B(H,Ho) is a Parseval 
frame generator for U if and only if B — AV* for some co-isometry V such that 
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{VU — UV)A* = for every U ^ U. If B = AV* for such co-isometry, then 

V:=e%eA. 

Proof. Assume i? is a Parscval frame generator for IX and let V := 9^6a- Then by 
the hypotheses, 9*g9Ad*ASB = /, i.e., y is a co-isometry and 

B^BI^ LjOb = Li9Ae*A0B = AV*. 

Since and AU* = L*^9a and BU* = LIj9bA for all U <eU, wc have 

AU*V* = L*jj9a9*a9b = L*^j9b = BU* = AV*U*. 

Moreover, if AV* = AW* and A(WU - UW)* = for every U e U, then also 
AU*V* = AU*W* and hence 9aV* = 9aW* whence V = W. Conversely, if V is 
co-isometry and A{VU - UV)* = for every U eU, then 

UVA*AV*U* = V UA*AU* I V* = VV* = I 
(7GU \ueu ) 



(76 

whence AV* is a Parseval frame generator for U. 



□ 



Discrete Group Representations. Let G be a discrete group, not necessarily 

countable and let A be the left regular representation of G (resp., p the right reg- 
ular representation of G). Denote by ^{G) C B{i^{G)), (resp., ^{G)) be the von 
Neumann algebra generated by the unitaries {Xg}g^G, (resp., {pg}geG)- It is well 
known that both 'C(G)' = !Jl{G) and Dl(G)' ~ f^{G) are finite von Neumann alge- 
bras that share a faithful trace vector Xe, where {Xg}geG is the standard basis of 
i^iG). 

Let Ho be a Hilbert space and Ig be the identity of B{Ho). Then we call 
\® id : G B g — > Xg (g) Iq the left regular representation of G with multiplicity 
Ho. Set Hg = e'^iG) Ho. 

Given a imitary representation (G,t:,H), denote by 7r(G)" the von Neumann 
algebra generated by {TTgjgeG- Operator frame generators, if any, for the unitary 
system {TTgjgeG, are called generators for the representation. Explicitly: 

Definition 6.3. Let (G, tt, H) he a unitary representation of the discrete group 

G on the Hilbert space H. Then an operator A € B{H,Ho) is called a frame 
generator ( resp. a Parseval frame generator) with range in Ho for the representation 
if {Ag := ATTg-i}g^G is an operator-valued frame (resp. a Parseval operator-valued 
frame). 

Before characterizing those representations that have an operator frame gen- 
erator and then parametrizing its generators, we need the following preliminary 
lemma. 

Lemma 6.4. Let A and B he two generators with range in Ho for a unitary rep- 
resentation (G, TT, H) . Then 

(i) 6»A7rg = {Xg ® Io)9a for all geG. 

(ii) 9\9b is in the commutant ir{G)' o/7r(G)". In particular, Sa € 7r(G)' and 

ASj^^"^ is a Parseval frame generator. 

(iii) 9AT9*g e 3i{G)<E)B{Ho) for any T e 7r(G)'. In particular, Pa G ■3i{G)® B{Ho). 

(iv) Pa ~ Pb, where the equivalence is in IK(G) ® B{Ho), i.e., it is implemented hy 
a partial isometry belonging to Oi{G) B{Ho). 
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Proof, (i) For all g, q E G and h E Ho, one has 

Lgqf^ ^Xaq®h = \gXq®h^{Xg® lo) ixq ft.) = {Xg <E) lo) Lqh. 

Thus 

OaT^S — ^ LpATTp-lTTg — ^ LpAlTp-lg — ^ LgqAlTg-l 

peG peG qeG 

= ^{Xg® Io)LgATTg-l = {Xg(g}Io)0A- 
qeG 

(ii) For all g E G one can apply (i) twice and obtain 

^A^BTTg = d*A{Xg (g) Io)Ob = TTgO^es. 

Thus, d\9B e 7i'(G)'. In particular, setting B = A we have S'a = 0\9a e 7r(G)'. 

-I/2 1/2 

Then AS*^ ' tt^-i = Avrg-iS*^ ' for all g e G, ASj^ is a Parseval frame gener- 
ator. 

(iii) For all g e G and T e 7r(G)' applying twice (i), one obtains 

eATOUK ® lo) - eAT7:g9*B = BA^gTOl = {Xg ® Io)eAT9*B. 

Therefore, 

9aT9*b e (ZL(G) ® loY = ^G)' ® {loY = 3?(G) ® 
Setting A = B and T = S'^\ we see that Pa = OaS^^O*^ e 3?(G) «) B(Ho). 

(iv) By passing if necessary to ASj^^^"^ (resp., BSg^^^) which by (ii) is Parseval 
frame generator by Proposition 14.31 has frame projection Pa (resp., Pb), we can 
assume, without loss of generality, that both 9a and 9b are isometries. Then the 
partial isometry V — Osd^ € 3?(G) ® B{Ho) implements the equivalence, i.e., 
V*V ^ PA&nAVV* ^ Pb- □ 

Given a countable group, in [15l Theorems 3.8, 3.11, Proposition 6.2], Han and 
Larson have identified its representation that have a multi-frame (vector) generator 
with the subrepresentations of its left regular representation with finite multiplicity. 
Lemma [6.4| permits to easily reobtain their result with a slight increase in generality. 

Theorem 6.5. A unitary representation (G, tt, H) 0/ a discrete group is unitar- 
ily equivalent to a subrepresentation of X ® id with multiplicity Ho if and only if 
{G,TT,H) has an operator frame generator with range in Ho. 

Proof. Assume that (G, tt, H) is unitarily equivalent to, and hence can be identified 
with, a subrepresentation of A (E) id, the restriction X^id \ph^ for some projection 
P e (i:(G) ® loY = ^{G) (g) B(Ho). Let H := PHg, A := Lfp\^, and 

Ag = LIP\h [Xg ® lo) P\h - Le{Xg ® I o) for all g G G. 

Then 

Sa^Y. ^1^3 = P^^9 ® Io)LeLl{Xg-l ® lo) P\h 

geG geG 
= P{YLgL;)P\^^I\^. 

9&G 

This shows that A is a (Parseval) frame generator for (G, tt, H). 

Conversely, assume that A e B{H, Ho) is a frame generator for (G, tt, H). Then 

1/2 1/2 

9aSj^ is an isometry onto the subspace PaHg and S*^ commutes with tt and 



22 



VICTOR KAFTAL, DAVID H. LARSON, AND SHUANG ZHANG 



Pa commutes with the left regular representation with multiplicity Ho by Lemma 
16.41 (ii) and (iii). Then by Lemma [63] (i) 

9AS-'^\g = 9ATTgS-'^^ = (Xg (g> QOaS^^^^ = {Xg ® L) Pa\p^^ OaS^'^^ 

for all g G G, i.e., tt is unitarily equivalent to X® id PaIp^jj^ ■ D 

From the above proof it is easy to obtain the following: 

Remark 6.6. If A Cz B{H,Ho) is a frame generator for {G,t:,H), then the equiv- 
alence of {G,Tr,H) and (G, A (Xi id Ip^^^ PaHg) implemented by the isometry 

Oa^a^^"^ ■ An isometry V implements this equivalence if and only ifV = OaSj^^'^U 
for some unitary operator U G 7r(G)'. 

It is well known and easy to see that two subrepresentations of the left regular 
representation with multiplicity Ho, (X'^id) P\pjj^ and {X'S>id) Q\qhq! Eire equiv- 
alent if and only if P ~ Q in 3i{G) ^ B{Ho). In other words, the equivalence classes 
of subrepresentations of the left regular representation with fixed multiplicity Ho 
are identified with the collection of equivalence classes of projections of the von 
Neumann algebra 3?(G) B{Ho). 

Theorem 16.51 permits to characterize those operator valued frames labeled by a 
discrete group G that have a frame generator. For simplicity's sake, because of 
Remark 14.41 we need to consider only Parseval operator- valued frames. 

Proposition 6.7. Let G he a discrete group and let {AgjggG be a Parseval 
operator-valued frame in B{H,Ho). Then there is a unitary representation tt of 
G on H for which Ag — AeiTg-i for all g G G if and only if AgpA*^ — A*Aq for all 
p,q,g e G. 

Proof. Assume Ag — A^TTg-i for some unitary representation tt and for all g G G. 
Then 

^gp^*gq = ^e7r(gp)-i(7r(gp)-i)*A* = ^e7rp-i7rg-i7rg(7r^^)*yl* = 

for all p,q,g G G. Assume now that AgpA*gg — A*Aq. Then for every 5 e G, by the 
proof of Lemma 16.41 (i) , 

(18) {Xg (g) Io)0AO*A{Xg (E) loT = XI ® Io)LpApAlLl{Xg ® loY 

(19) = J2 LgpApA^Lgq = LrAg-i,Al^,^Ls 

p,q£G r,seG 

(20) = J2 LrArA*Ls = eAe*A. 

r.seG 

This proves that the projection Pa = 0a6*a G ^{G)^B{Ho)- But then the operator 
valued weight {Ag}g^a can be identified to the compression to Pa of the left regular 
representation Ag (E" lo which has an operator frame generator. Explicitly, again by 
the proof of Lemma [6.41 (i). 

Ag - LIOa - KPAiXg-i ® Io)PaOa = Ae0*AiXg-i ® Io)Pa0a- 

Since (A^ (g) Io)Pa is a unitary representation of G on the Hilbert space Pa, then 
TTg ^'^(Ag (Xi Io)Pa0a is a unitary representation of G on the Hilbert space H. 
Thus Ag :— AeTTg-i , i.e., A^ is a frame generator for (G, tt, H) □ 
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Remark 6.8. 

(i) Proposition \6. 7\ is a generalization of the following known result for group-indexed 
frames: When diiaHo = 1, i.e., in the case of a Parseval vector frame {xg}g^G, 
the necessary and sufficient condition for that frame to have a generator for some 
unitary representation of G (necessarily unitarily equivalent to a subrepresentation 
of the left regular representation) is that 

(21) < Xgp,Xgq >=< Xp,Xq > forall p,q,geG. 

This result can be deduced from the material in Chapter 3 of [15 . however it was 
not stated explicitely in that paper. Condition I121\} is clearly equivalent to the 
condition that the range of the analysis operator is invariant under the left regular 
representation of the group on the analysis space, and so the frame can be obtained 
from the standard orthonormal basis for this representation by simply projecting, 
thereby obtaining the required subrepresentation of C. We note that Nga Nguyen 
has written an exposition of this in a forthcoming article stemming from her thesis 
research, along with some extensions to frames satisfying this condition which are 
not-necessarily Parseval, where the situation is more complicated. We also note 
that some special cases, notably where G is a cyclic group on a finite dimensional 
Hilbert space, have been independently proven and used by others. 

(ii) More is in true in a case where the group is abelian, (see also Remark \7.5\ ) If 
G is abelian then Cor. 3.14 or Theorem 6.3 of |15j states that all group frames for 
a unitary representation of G on the same Hilbert space are unitarily equivalent. 
So in the abelian case two frames both satisfying the condition i21\) are necessarily 
unitarily equivalent. 

(iii) We do not know if there is a similar necessary and sufficient condition for 
frames indexed by a unitary system, or at least by some structured unitary system, 
like a Gabor system. 

7. PARAMETRIZATION of OPERATOR FRAME GENERATORS 

Theorem 13.11 shows how to parametrize all operator- valued frames with a given 
multiplicity in terms of a single operator-valued frame. This general result can be 
applied to parametrize all operator frame generators for a unitary representation 
of a discrete group in terms if a single operator frame generator. 

Theorem 7.1. Let A G B{H,Ho) be a frame generator for the unitary represen- 
tation (G, TT, H). 

(i) I/bIhg) 3 M = MPa and M*M\p^^ is mvertible m B{PaHg), then LIMOa 
is a frame generator for (G, tt, H) if and only if M £ 3?(G) ® B{Ho). 

(ii) The collection 3^q of all the operator frame generators for (G, tt, H) with the 
same multiplicity Hg is uniquely parametrized as 

= {KMOa I M e 3?(G) (8) B{Ho),M = MPa, M*M\p^^ is mvertible}. 

(iii) // A is Parseval, the collection of all the Parseval operator frame generators for 
(G, TT, H) with multiplicity Hq is uniquely parametrized as 

(22) {KVOa I V e 31(G) ® B{Ho),V*V = Pa). 

IfB = LIVOa with V G 3i(G) ® B{Ho) and V*V = Pa, then V = 6b0*a. 

(iv) If A IS Parseval and P Pa in 3?(G) ® B{Ho), then P = Pb for B = LIVOa 
and V G 31(G) ® B{Ho) with V*V = Pa and VV* = P 
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Proof. 

(i) If M = MPa is an operator in 31(G) (g) B{Ho) and M*M\p^^^ is invertible, by 
Theorem l3.1l fii). {L*AI9A}geG is an operator- valued frame. But then for all g E G 

LIM9a = (LlXg-i (g) Io)M9a = LlMXg-i (g) Io0a = L^f^^TTg-i, 

by Lemma 16.41 (i) i.e., L*^M6a is the generator of {L*gM9A]geG- Conversely, 
assume that L^MOa is an operator frame generator for (G, tt, i.e., that 
{LlM6ATrg-i}g^G is a frame. For all g € G we have 

LlM9Ang-i = {LlXg-i<gIo){\g<gIo)M{Xg-i^Io)9A = L*g{\g®h)M{\g-i®Io)OA- 
Set Ng := {\g ® Io)M{Xg-i (g) Io)Pa- Then obviously Ng = NgPA and 
N;Ng - PA{Xg ® Io)M*{Xg-i (g /„)(Ag (g /o)M(Ag-i (g /o)Pa 

= (Ag (g Io)PAM*MPA{\g-i (g /o). 

Since by hypothesis PaM* MPa is invertible in B{PaHg) and since A^ g) lo com- 
mutes with Pa, NgNg is also invertible in B{PaHq). But then by the uniqueness 
part of Theorem 13.11 Ng — — M, i.e., M commutes with A^ g) /q for all y G G 
and hence M E 31(G) g) P(i?o). 

(ii) If 5 G B{H,Ho) is an operator frame generator for {G,Tr,H), then by Theo- 
rem EUl BTTg-i = L*gM9A for some unique M = MPa for which M*M\p^u^ is 
invertible. In particular, B = L%M9a and hence M G 31(G) g) B{Ho) by the above 
proof. 

(iii) and (iv) The rest of the proof follows by the same arguments and Corollarv l3.3l 

□ 

Special cases of operator frame generators arise from right or left similarities. 
We need first the following lemma 

Lemma 7.2. Let A E B(H,Ho) be an operator frame generator for {G,tt,H). 

(i) Let R E B{Ho) be invertible. Then RA is an operator frame generator for 
{G,7r,H). 

(ii) Let T E B{H) be invertible. Then {AiTg-iT^gtzQ, has a generator (necessarily 
AT) if and only if T E tt{G)' . 

(iii) Let T E B{H) be invertible. Lf T E 7r(G)", then AT is an operator frame 
generator for (G, tt, H) and AT — L*(YiSi Lo)9a for some invertible operator 

Y E 3?(G). If T is unitary, then Y can be chosen to be unitary. 

Proof. 

(i) Obvious. 

(ii) The sufficiency of the condition is clear. For the necessity, assume that 
{ATTg-iT}g^G, has a generator B, i.e., AiTg-iT = BiTg-i for all g E G. Then 
9aT = 9b by LemmaHJand hence T = S^^9\9b E tt{G)' by Lemma [O] (ii). 

(iii) By Lemma 16.41 fii). T commutes with S"^^^^, hence 

AT = L19aT = L19aTS'/9\9a = LI{9aSI^'^TSI^'^9*j,)9a. 
By Lemma WM i\) and (ii), 

9AS~A^'^ngS-^^'^9\ = 9AT^gS^^9\ = [Xg (g I,)9aSa^9\ = [Xg (g Io)Pa. 
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— 1/2 

Since OaS^ is a unitary operator in B{H, PaHq) and since the unitary group 
{■TTg I g e G} (resp., (Ag (g) /q) -PAlp^/f^) generate the von Neumann algebra 7r(G)" 
(resp., Pa{^{G) (g) /q) PaIp^h^), the map 

7r(G)" 9 X 6AS^^^^XS^^/^e*A e PAmC) <E> Q PA\p^Ha 

is a (spatial) isomorphism of von Neumann algebras. Let Q ® lo be the central 
support of Pa, so Q E !K(G) n £j{G). It is well known [18, Proposition 5.5.5.] that 
the map 

(£(G) ® Q (Q ® /o)l(Q«/„)H^ 9 X X F^lp^^^ e PAi^G) ® /o) PaIp,^^ 

is also an isomorphism. Thus 9aS^^^'^TSj^^^^6'^ — (Z Io)Pa, for some operator 
Z G £'(G) for which (Z ^ Io){Q ^ Io)\(^q^j -f^^ is invertible and then we have 
AT — Ll{Z ® Io)Pa()a- By passing if necessary to ZQ + e ^{G), we can 
assume without loss of generality that Z is invertible. If T is unitary, we can 
similarly assume that Z too is unitary. 

Recall that the involution J defined by J{xxe) '■= x*Xe for all x e 'C(G) and 
then extended to ^^(JJ), establishes the conjugate linear isomorphism of iL(G) and 
3?(G), £(G) Bx^ JxJ e 3?(G). For all h e Ho, 

[Z* (g) Io)Leh ^*Xe ®h = JZJXe {JZJ (g) Io)Leh, 

hence 

AT = ® = LliiJZjy ® /o)0A = LI{JZ*J<^Io)9a. 

Let r := JZ* J and M (F (g/o)PA. Then Y g 3?(G), hence A/ e 31{G) (E) B{Ho) 
and M = MP^. Furthermore, y is invertible (unitary if T and hence Z are unitary), 
hence M*M = PaIYY* (g> Io)Pa is invertible in B{PaHg). Then by TheoremO 
j4T = _L*(y (g) /o)6'yi = L*^A40a is an operator frame generator for (G, tt, i/). □ 

A reformulation of statement (ii) is that if two operator-valued frames with 
generators A and B are right-similar, then the (unique) similarity operator must 
belong to 7r(G)'. Using this fact, the characterization of right-similarity for general 
operator-valued frames carries through easily for operator-valued frames with a 
generator as follows. 

Proposition 7.3. Let A and B be frame generators with the values in the same 
space Ho for a unitary representation {G,tt,H). Then the following conditions are 
equivalent: 

(i) B = AT for some invertible operator T e 7r(G)'; 

(ii) BiTg-i = AiTg-iT for all g & G for some invertible operator T e B{H); 

(iii) 6b — OaT for some invertible T e B{H); 

(iv) PAdBSA^6*A is invertible in B{PaHg); 

iv') B = LIMOa for some M € 5i{G) g) B{Ho) with M = MPa and such that 
PaMPa is invertible in B{PaHq); and 

(v) Pb^Pa- 



Corollary 7.4. Let A G B{H,Ho) be an operator frame generator for {G,tt,H). 
Then all the operator frame generators for (G, tt, H) are left similar to A if and 
only if Pa G (i:(G) n (31(G)) (g lo- 
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Proof. Pa belongs to the center (£(G) n 3?(G)) (g) of 5i{G) ® B{Ho) if and only 
if there are no projections 3?(G) (g) B{Ho) that are different but Murray-von Neu- 
mann equivalent to it. By Lemina l6.4l and Proposition 17. 31 this is equivalent to the 
condition that any operator frame generator for (G, tt, H) is left similar to A □ 

Remark 7.5. 

(i) Corollary \ 7.4\ provides a higher multiplicity analog of Proposition 3.13 in 

(ii) // the group G is ahelian, then so is £j{G) — 3?(G) and hence 51(G) ® Iq is 
the center o/ 3^(G) (E) B{Ho). Thus in particular if diva Ho = 1, 3^(G) ® B{Ho) is 
ahelian and all operator frame generators for (G, tt, H) are are left similar. This 
generalizes Cor. 3.14 (and Theorem 6.3) of |15j which states that, for vector group- 
frames, if G is ahelian then all group frames for a unitary representation of G on 
the same Hilbert space are unitarily equivalent. (Se also Remark \ 6.^ (i) in the 
present article.) 

To simplify notations, we formulate the next result directly for Parseval operator 
frame generators. 

Proposition 7.6. Let A, B G B{H, Ho) he Parseval frame generators for 

{G,TT,H). 

(i) B — AU for some unitary U G 7r(G)' if and only if B — L*^W9a for some unitary 
W e 31(G) ® B{Ho) with WPa = PaW , again if and only if Pb = Pa- 

(ii) Let U e B{Ho) be unitary. Then B = UA if and only if B = Ll{I ® U)eA. If 
B = UA, then Pb = {I(EU)Pa{I ®U*). 

(iii) B = AU for some unitary U G 7r(G)" if and only if B = Ll{W (g) Io)Oa for 
some unitary W e^iG). If B = L*JW (g> Io)0a, then Pb = (W (g> Io)Pa{W* (g) Io). 
Proof. 

(i) By Proposition 14.31 Pb = Pa if and only if the operator-valued frames 
{BTrg-i}g,=G and {AvTg-ilggG are right unitarily equivalent. By Lemma 17.21 this 
unitary equivalence holds if and only if i? = AU for some unitary U G 7r(G)'. Also, 
by Proposition l4.31 Pb = Pa if and only if 9b0\ is a unitary in B{PaHg) and hence 
it is the compression to PaUg of a unitary W G 3^(G) ® B{Ho) that commutes 
with Pa- 

(ii) It is immediate from Lemma 33] 

(iii) Assume that B — AU for a unitary U G 7r(G)". In the proof of Lemma [7.21 
(iii) we can choose Z to be unitary and hence W := JZ*J G 3^(G) is also unitary. 
Then Ob = {W(g) /„) 0a, hence Pb = (W (g> Io)Pa{W* ® /„). On the other hand, if 
B — Ll{W (g) Io)dA for some unitary W G 3^(G), then by the same argument as in 
the proof of Lemma 17.21 (iii) we see that 

B = Ll{JW*J^Io)0A^LieA{0*A{JW*J<Elo)eA), 
where JW*J G £(G) and hence 0\{JW* J (g) Io)9a is a unitary in 7r(G)". □ 

Remark 7.7. For vector frames (dim Ho = Ij, Han and Larson 15, Theorem 6.17] 
have shown that given a Parseval frame generator rj for {G,tt,H), the collection 
of all the (vector) Parseval frame generators for {G^tTjH) is parametrized hy the 
unitary group o/7r(G)", namely, it coincides with {Urj \ U G 7r(G)",[/ is unitary}. 
This result is also a consequence of Theorem \ 7.1\ since the partial isometry V 
intertwining Pa and Pb can he extended to a unitary W because the von Neumann 
algebra Ji{G) is finite. However, Proposition \7. 6] shows why this result does not hold 
when dim Hq > 1 • 
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8. HoMOTOPY OF Operator Frame Generators 

The objective of this section is to prove the foUowing theorem: 

Theorem 8.1. Let (G, vr, H) be a unitary representation of a discrete group G and 
assume that the collection Jq of all the operator frame generators with range in Hq 
for {G,t:,H) is non-empty. 

(i) If dim Ho < oo, then 3^q is path connected in the norm topology. 

(ii) If dim Ho — oo, then 3^g is path connected in the norm topology if and only if 
the von Neumann algebra 3^(G) generated by the right regular representation of G 
is diffuse, (i.e. has no nonzero minimal projections.) 

As we will point out in the proof of the theorem, it is easy to reduce the problem 
to showing than any two Parseval operator frame generators are homotopic. The 
latter property is obviously true in the case when dim Ho — 1 because then (by (15!, 
Theorem 6.17], see also Remark 17.71 and Proposition [721) the collection of Parseval 
(vector) frame generators for (G, tt, H) is parametrized by the unitary group of the 
von Neumann algebra 7r(G)" , which is well known to be path connected in the norm 
topology. In the general case, however, by Theorem 17.11 (iii) all Parseval operator 
frame generators for (G, tt, H) are parametrized by the partial isometrics of the 
algebra 3?(G) (g) B{Ho) that have the same initial projection, the frame projection 
of a fixed Parseval operator frame generator. When dim_ffo = 0O7 this class of 
partial isometrics is not path connected in the norm topology. It is, however, path 
connected in the strong operator topology when £(G) has no nonzero minimal 
projections, and this is sufficient for the path connectedness in the norm topology 
of the operat frame generators. In order to do that we need to introduce some 
notations and preliminary results. 

Let y, W be partial isometrics in 'Jl{G)^ B{Ho) with the same initial projection, 
i.e., V*V — W*W, and hence with range projections, VV* , WW* Murray-von 
Neumann equivalent (VV* ^ WW*). We say that 

V KiW 

if there is a norm continuous path of partial isometrics 

{V{t)e5l{G)(^BiHo) \ te [0,1]} 

such that V*{t)V{t) = V*V for aU t e [0, 1], ^(0) = V, and V{1) = W. Clearly, 
« is an equivalence relation for the class of partial isometries that have the same 
initial projection. Adaptating the proof of l23l Theorem 3.1] with a slight change, 
yields the following equivalent characterization. For the readers' convenience we 
sketch the proof. 

Lemma 8.2. Let V, W be partial isometries in 3i(G) (g) B{Ho) with the same initial 
projection. Then V ~W if and only if VV* and WW* are unitarily equivalent in 
5iiG)(g>B{Ho). 

Proof If VV* and WW* are unitarily equivalent, then (WW*)^ - (VV*)^, 
i.e., there is a partial isometry Z e 3?(G) (g) B{Ho) with ZZ* = (WW*)-^ and 
Z*Z = (VV*)-^. Then a simple computation shows that the operator 
U := WV* + Z e Ji{G)<»B{Ho) is unitary and that W = UV. Since U is homotopic 
in the norm topology to the identity, choose a norm continuous path of unitaries 
U{t) G 3?(G) ^ B{Ho) with C/(0) = / and U{V) = U. Then V{t) := U{t)V is the 
required norm continuous path of partial isometries with the same initial projection 
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that joins V{0) = V and V{1) = W. This estabUshes that V fa W. Conversely, 
if V ~ W and V{t) is a norm continuous path of partial isometries with the same 
initial projection that joins ^(0) = V with V{1) = W, then P{t) := V{t)V{t)* is a 
norm continuous path of projections joining P(0) = VV* with P(l) = WW* . It is 
well-known that homotopy of projections implies unitary equivalence. 

□ 

If dim Ho = oo, there are partial isometries V,W G HIG) ^ B{Ho) with the same 
initial projection but with range projections that are not unitarily equivalent, e.g., 

V = I(S>Io and W = I®Z with Z e B{Ho) a non unitary isometry. By Lemma [5?^ 

V and W cannot be joined by a norm continuous path of partial isometries all with 
the same initial projection. The norm continuity of such a path of partial isometries, 
however, is only sufficient but is not always necessary for the existence of a norm 
continuous path of Parseval frame generators joining L*V with L^W . The existence 
of the latter is, in view of Theorem 17.11 (iii), equivalent to the existence a path of 
partial isometries V{t) joining V and W for which L*y(i) is norm continuous. It is 
convenient to denote the existence of such a path by using the following notation: 

Let y, W be partial isometries in Jl{G)^ B{Ho) with the same initial projection. 
We say that 

(23) V '^W 

e 

if there is a path of partial isometries {V{t) E 5i{G) (E) B{Ho) \ t e [0,1]} such 
that LlV{t) is norm continuous, V*{t)v\t) = V*V for aU t e [0, 1], V{Q) = V, and 
V{1) = W. 

Clearly, ^ is also an equivalence relation for partial isometries that have the 

e 

same initial projection and V ^W implies V ^ W. 

e 

A key ingredient in the proof is that a finite trace in a von Neumann algebra is 
strongly continuous (actually, cr- weakly, but we do not need this here). 

Denote by t{X) — (XxcXe) for X G 3^(G), the normalized trace on Jl{G). 
Denote hy E := 'R{G) (8) B{Ho) ^ B{Ho) the corresponding slice map, namely, the 
bounded linear extension of the map E{X ®Y) = t{X)Y for all X € "^{G) and all 

V G B{Ho). It is easy to see that the map E is positive, that is, E{Z) > when 
Z > 0, or, equivalently, E{Zi) < E{Z2) when Zi< Z^. Also, the map E is normal, 
that is, E{Zy) 1 E{Z) when Zj t Z, or equivalently, E is cr- weakly continuous. 

The bridge between trace and norm is given by the following lemma. 

Lemma 8.3. E{Z) = LIZL^ for all Z e 31(G) (g) B{Ho) 

Proof. It is enough to verify that the two maps agree on elementary tensors. Indeed, 
for aU he Ho and all X e 3?(G), Y e B{Ho) we have 

Ll{X ® Io)Leh = LlXxe ®h = Ll{J2 i^Xc Xg)Xa) ® h 

geG 

= K 51 (Xs ® {XXe,Xg)h) = iXXe,Xe)h = T{X)h. 

geG 

Thus Ll{X «) Io)Le = t{X)Io and hence 

Ll{X®Y)Le = Ll{I®Y){X®IoY)Le = YLl{X®IoY)Le = t{X)Y = E{X®Y). 

□ 



OPERATOR VALUED FRAMES 



29 



Notice that the trace t on 3i(G) is always finite, while the trace t ® tr on 
3?(G) (8) B{Ho) is finite only if dim iJo < oo. Thus, given two partial isometrics 
with the same initial projection, we want to construct a strongly continuous path 
of partial isometries that connect them, where the strong convergence occurs in the 
first component of the tensor product. This will be achieved via the following key 
lemma. 



Lemma 8.4. Assume that dim iJo = oo and that 3?(G) has no minimal projections. 
Let R he a projection in ^{G) with R ~ R-^, let {Qn}i<n<N with N < oo be a 
collection of infinite projections in B{Ho), and let I = J2n=i ^ decomposition 
of the identity into m,utually orthogonal central projections Fn € 5l{G)n£j{G). Then 
there is a path of partial isometries {W{t) \t £ [0, 1]} in Ji{G) (S> B[Ho) such that 

(i) L*W{t) is norm continuous 

(ii) W{t)*W{t) = Y.n=i ® Qn for all t G [0, 1], 

(iii) W{t)W{tY < Pn ® Qn for all t e [0, 1] 

(iv) W{0) = E^^i F„ O Q„, and 

(v) W{l)W{ir = Ell RFn ® Qn. 

Proof. The reduced von Neumann algebra R^{G)R :— RJi{G) R\ji£2(^Q-^ has no 
minimal projections, thus it contains a strongly continuous increasing net of pro- 
jections {R{t) I t G [0,1]} with i?(0) = 0, i?(l) = R. For instance, R{t) can be 
obtained from the spectral resolution of a positive generator of a maximal abelian 
subalgebra of RJl{G)R. Since R-^ ~ R, there is a unitary U G 3?(G) such that 
R-^ = URU*. Since Qn is an infinite projection in B{Ho), there exist partial 
isometries Si^n, S2,n € B{Ho) such that 



^l,n^'>-,n — '^2,n'^2,n — Qn &Ild S'l^^S'i „ + S2,nS'2^n ~ Qn- 



Notice that 5'i^„, 5*2,™ are the generators of the Cuntz algebra O2 represented on 
QnHo. Define for t G [0, 1] 



W{t) := ^ {{R{t) + UR{t)U*)^Fn ®Qn + R{t)Fn 5i,„ + R{t)U*Fn ^ S2,n)- 

71=1 



By definition, W{0) = E„=i Qn- Since R{t)±{R{t) + UR{t)U*)^ for ah 

t G [0, 1], and S2^nSi,n = Sl^n^2,n = for all n, it follows that 
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W{t)*W{t) 

N 

= ((^(*) + UR{t)U*)^Fn <»Qn + {R{t) + UR{t)U*)^R{t)Fn QnSl,n 

n=l 

+ + UR{f)U*)^R{t)U*Fn ® QnS2,a + R{t){R{t) + UR{t)U*)^Fn ® Sl^Qn 

+ R{t)Fn ® Sl,,Si.n + R{t)U*Fn ® Sl„S2,n 

+ UR{t){R{t) + UR{t)U*)^Fn ® Sl^Qn 

+ UR{t)Fn ® S*^^Si,n + UR{t)U*Fn ® ^2* „^2,„) 
JV 

= + UR{t)U*)^Fr, ® Q„ + R{t)F^ ® „Si,„ 

+ UR{t)U*Fr, ® S^An) 
N 

= Y ((^(*) + UR{t)U*)^Fn (^Qn + R{t)Fn Q„ + U R{t)U* F^ ® Q„) 

n=l 

JV 

n=l 

Using the fact that UR{t)U* ± {R{t) + UR{t)U*)^ and UR{t)U* ± R{t) for all t, a 
similar computation yields 

W{t)W{t)* 

N 

= Y ((^W + UR{t)U*)^Fn <8>Qn + R{t)Fn (g, 5i,„5*„ + i?(t)F„ (g, 52,„52*„) 

N 

= Y (((^W + UR{t)U*)^ + R{t))Fr, ® Qn) 

n=l 
N 

In particular, 

N N 

1^(1)1^(1)* = Yii^ + ^^)^ + R)Pn ®Qn^Y.^^r.® Qn- 

n—1 71—1 

Thus {W{t) I t G [0,1]} is a path of partial isometrics of 3i(G) ® B{Ho) that 
satisfies conditions (ii), (iii), (iv), and (v). We now show that the condition (i) is 
also satisfied. Let < t < < 1 and Ai? := R{t') - R{t). Then 

N 

W{t')-W{t) = Y (^-{AR + UARU*)Fn®Qn + ARFn®Si,n + ARU*Fn®S2,n)- 
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By using the facts that ARJ-UARU* and QnSi^„ = Si^nQn = <5'i,n for z = 1, 2 and 
aU n, we obtain 

{W{t')-W{t)){W{t')-W{t))* 

N 

= (^{AR + UARU*fFn ® Qn - {AR + UARU*)ARFn ® 

n=l 

~ {AR + UARU*)UARF„ » SI,, - AR{AR + C/Ai?[/*)F„ Si^n 
+ {AR)^Fn ^ ^i,n^i,„ + ARUARFn ® 5i,„^2*,„ 

- ARU*{AR + UARU*)Fn ® S2,n + ARU* ARFn ® ^2,n^r,„ 

+ {ARfFr, ® S2,nSl 
N 

= ({AR + UARU*)Fn ®Qn- ARF^ ® fi-* „ - UARF^ ® S* „ 

n=l 

- Ai?F„ ^i^„ + ARFn ® Si,nSln - ARU*Fn ^2.„ + ARF^ ® 52,«^2*,„ 

N 

= Y ((2Ai? + UARU*)Fn Qn - ARFn ® (^i*,™ + 5i^„) 

n=l 

- UARFn S'2,„ - ARU*Fn 52,. 
Thus, 

£;((Ty(i') - w{t)){w{t') - w{t)y)= 

N 



= Y (r{ARFn){3Qn ~ {Sl,n + sin)) - T{ARU*Fn)S2.n " r(C/Ai?K)52* „) 
n=l 
N 

< Y 7T{ARFn)Io = 7t{AR)Io. 

n=l 

Hence 

||L:M/(t') - L:wit)r - ||i?((Vl^(i') - W{t)){W{t') ~ W{t))*)\\ < 7t{AR). 

Since 3i(G) is finite, r(i?(t)) is continuous and hence L*Vt^(i) is norm continuous, 
which concludes the proof. □ 

Now we can proceed to prove Theorem 18.11 

Proof. It is well known that in any von Neumann algebra (or, more in general, 
unital C*-algebra), positive invertible operator are homotopic to the identity. But 
then, the operator frame generator A for {G,tt,H) is homotopic to the Parseval 
operator frame generator AS^ by Lemma 16.41 (ii). Thus, to prove the path 
connectedness in the norm topology of 3^g it is enough to prove that the collection 
of Parseval operator frame generators for (G, tt, H) is path-connected in the norm 
topology. By P^ . this collection is parametrized by 

{LIVOa I V e ^{G) ® B{Ho), V*V = Pa}, 
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and since 6a is an isometry, we only need to prove that V ^ W for any two partial 

e 

isometries V and W in 3?(G) (g) B{Ho) with the same initial projection Pa, i.e., 
V*V = W*W = Pa- 

(i) The algebra ai(G') (g) B{Ho) is finite because both 31{G) and B{Ho) are fi- 
nite, hence the equivalence of the projections VV* and WW* implies their unitary 
equivalence. But then V W hy Lemma 15^ . and hence V ^ W. This proves that 

e 

3^G is norm connected. 

(ii) We prove first that the condition is necessary. Assume that 31(G) has a 
nonzero minimal projection Q. Then Q belongs to a finite type / subfactor of 3^(G). 
Indeed if c{Q) is the central cover of Q, which is the smallest projection in the center 
L{G) n 3^(G) of 3^(G) that majorizes Q, then c{Q) is minimal in L{G) n 3^(G). But 
then the reduced von Neumann algebra Ji{G)c{Q) :— c{Q)'Ji{G) c{Q)\^^Qy2(^Q^ is a 
factor, it is finite because so is 3i(G), and it is of type / because it contains the 
minimal projection Q. Let {ii'ij}i<i,j<n be a set of matrix units for 3l{G)c{Q), 
i.e., E*j = Ej^i, Ei^kEh.j = Sh,kEij for all 1 < ij,h,k < n, X^Li-^*,' = '^(Q)' 
and 3i(G)c{Q) = {X]"j=i '^ij-^ij \ Cij G C}. Then every element Z in the factor 
3?(G)c((3) (g) B{Ho) has the unique matricial form 

n 

(24) ^=Y. ^^'1 ® ^^'1 ^ ^(^°)- 

Therefore, it is easy to see from Lemma [8.31 that 

1 " 

(25) L^ZL,^ - Y Z,^,. 

i=i 

Since Jl{G)c{Q) B{Ho) is an infinite type I factor, there is a proper isometry 
V G 3l(G)c(g) B(i/o), i.e., V*V = c{Q) (g) h but VV* 7^ c(Q) To prove 

that 9^(3 is not path connected in the norm topology, it will be enough to show 
that the two Parseval operator-valued frame generators L*c{Q) ® lo and L*V can- 
not be connected by any norm continuous path of arbitrary operator-valued frame 
generators. 

Assume otherwise, then by Theorem 17. II fii). there is a path of operators M{t) e 
31(G) ® B{Ho) with M{t)c{Q) (g h = M{t) , M{t)*M(t)c{Q g) h is invertible in 
Ji{G)c{Q) g) B{Ho), M(0) = c{Q), M(l) = V, and L*M(t) is norm continuous. By 
(IMl) . M(t) = E"j=i E,^jg)M,j{t) for a (unique) collection M,^j{t) e B{Ho). Then 
for aU s,te [0,1], by jSS]), 

{L:M{s)~L:M{t)){L:M{s) - LlMit))* 

n 71 
= l k=l 

1 " 

= - II iMis)^,k - M{t),,k){{M{s)k,^ ~ M(i)fe,,)*. 
' i.k=\ 

Thus the norm continuity of LlM{t) is equivalent to the norm continuity of 
Mij{t) G B{Ho) for all 1 < «, j < n, and the latter is equivalent to the norm conti- 
nuity of M (t). But then, M{t)*M{t) is norm continuous and by the norm continuity 
of the inverse (e.g., see [111 Problem 100]), (M(i)*Af(t))~^ is also norm continuous 
in ■R{G)c{Q) g) B{Ho). As a consequence, P{t) : M{t){M{t)* M{t))'^ M{t)* is a 
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norm continuous path, and it is immediate to see (cfr. Theorem 13.11 ) that P{t) 
are projections. But this is impossible since P{0) = c{Q) and P{1) — VV* are not 
unitarily equivalent and hence not homotopic. 

We prove now that if ^{G) has no nonzero minimal projections then V ~ W. 

e 

By the standard type decomposition of von Neumann algebras (for these and other 
von Neumann algebra properties see [TB]), there is a (unique) central projection 
€ L{G)n:R{G) for which (£(G) n 3i(G))F(i) is diffuse, i.e., has no atoms and 
hence it is isomorphic to L°°(W)) and (■C(G) n !K(G))(F(^')^ is atomic and hence 
3?(G))(i^*^^-')^ is a direct sum of type Hi factors. Since it is immediate to verify 
that V ^ W if and only if both 

e 

/o ~ Vl^i^(i) ® Jo and V{F'-^^)^ ®Io--W{F'-^^)^ (gilo, 

e e 

we can consider separately the cases where the center of 31(G) is diffuse and where 
it is atomic. 

Consider first the case where Ji{G) has diffuse center. Then there is a strongly 
continuous increasing net of central projections F{t) G ■^{G) n 3?(G) such that 
F{0) = and F{1) = I. Let 

V(t) := V{F{t)^ ® lo) + WiF{t) (g, lo). 

Since F{t) (g) lo is in the center of 31(G) B{Ho), we see that 

V{tyv{t) = V*V{F{t)^ (g) lo) + W*W{F{t) ® lo) = V*V = Pa 

for aU t e [0, 1] and V{0) = V, V{1) = W. Moreover, for aU s < < e [0, 1], 

V{t)-V{s) = V{F{s)-F{t))(g)Io+W{F{t)-F{s))(g)Io = {W~V){F{t)-F(s))(g)Io, 

hence 

{Vit)~Vis))iVit)-V{s))* 

- (Fit) - Fis)) ® Io{iW ~V)iW- V)*) (Fit) - Fis)) ® 
< \\W-V\\\F{t)-F{s))®Io 
<4{Fit)-F{s))®Io. 

But then, 

11^:^(0 - l:v{s)\\' = \mvit) - vis))ivit) - v{s))*)\\ 

<4\\EiiF{t)^F{s))^Io)\\ 
= Armt)-F{s)). 

By the strong (actually cr- weak) continuity of r, LlV{t) is norm continuous, and 
hence V ~ W. Following the terminology introduced in [2] for wavelet generators 

e 

for the unitary system, we say that the path constructed in the case where 3^(G) 
has diffuse center is a direct path. 

Consider now the key case where 3?(G) has no nonzero minimal projections and 
the center of 3?(G) is atomic. Then the identity / e 3?(G) can be decomposed 
(uniquely) into a sum / = J2n=i Fn oi N < oo mutually orthogonal projections F„ 
minimal in the center 3^(G)niL(G). Notice that since 3?(G) has a finite faithful trace 
r, the decomposition is at most countable. The minimality of the projections Fn 
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implies that each reduced von Neumann algebra 3i{G)Fn : !K(G)i^„!K(G') F„ |f„£2(g) 
is a factor, and being finite and with no minimal projections, it is of type Hi. Let 

F(2) := Y^{F„ I V*VF„ ®Io7^F„® h} 

F(3) :^ J2{Fn I {VV*)^F„ ®Io--F„® /„, F„ < {F^''^)^} 

:= J2{F,, I (T/F*)^^^„ ®Io7^F„® lo, F„ < {F^^'^}. 

Thus F(2) + + Ft-^' = /. Reasoning as above, we can consider separately 
the cases where F^^) = / and F^'^^ — 
Assume first that F*^^^ = /, i.e., 

W*WF„ ®Io^ V*VF„ ^lo'/^Fn^Io for all n. 

Then 

(26) WW*Fn(E)Io7^ Fr,(g)Io and FF*F„ (g) F„ (g) for all n. 

Since the factor Jl{G)i^B{Ho) is infinite, ^ implies that (FF*)-^F„(8)/o ~ F„(g)/o 
for every n, and hence (VV*)^ ^ I ® h and similarly, {WW*)^ I ^ lo- But 
then VV* and WW* are unitarily equivalent, hence F « by Lemma [8.2[ and 
thus V r^W. 

e 

When F(2) = 0, i.e., F^^) + f(4) = 7, we have W*W = V*V ~ 7 (g) /o- Since 
31(G) is a direct sum of type 77i factors and in every 77i factor there are projections 
equivalent to their orthogonal complement, we can fix a projection R e 3?(G) with 
R ^ R^ . As in each of the infinite factors we have RFn'S)Io ~ R^Fn®Io ~ F„(K)7o, 
it follows that R®Io ^ R-^®Io ^ I®Io- Fix a partial isometry Vo € 31(G)® B{Ho) 
with V^Vo ^V*V ^W*W and V*Vo = i? (g 7^. We claim that F - V;. The same 

e 

argument will prove that W ^ Vo and hence that V ^ W, which will conclude the 

e e 

proof. 

Assume next that F'"^' = 7, then 

^ y*]/^ /g,/„ ^ i?g,/„ and (FF*)-^ - 7® 7o - 7?^ ® 7o = (7?g)7o)^. 
Thus l^F* and Vq*Vo are unitarily equivalent, hence V Vo, and hence V ^ Vo- 

e 

Finally consider the case where F*^*^ — I, namely where V*V ^ I ® lo but 
[VV*)^Fn®Io 7^ Fn®Io for every n, which is the crux of the proof. If for a certain 
n the projection {VV*)^Fn g) lo is finite and hence (r ® tr){{VV*)^ Fn ® h) < 00, 
let e B{Ho) be a finite projection with 

, (r0tr)((FT/*)^F„0 7„) 

Then Q„ ^ lo- Since 3l(G)F„ is a type 77i factor, it contains a projection 7?„ with 

,p (r^tr)((VV-*)^F„$S7o) 
^ " r{F,.)tr{Qi) 

Equivalently, 

(t g) ir)(7?„ g) Q,i) = (r g) ir)((yT/*)-LF„ ® h) 

and hence, again because Ji{G)Fn is a factor, 7?„ (g ^ (FV'*)-'-F„ (g lo- If for a 
certain n the projection (l/y*)-'-F„(g7o is infinite (but still {VV*)^Fn®)Io 7^ Fn®)Io 
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by the definition of F*^"*'), there is a projection Q^^ e B{Ho) with Q„ ^ lo and for 
which Fn (g) ~ (V"V^*)^F„ /o- In this case, set i?„ :— F„, so for all n, 

with i?„ — RnFn- Moreover, 

{Rn <E> Qn)^Fn ® = F„ ® Q„ + R^ F^ ®Qn ^ F^^Io^ VV* F^ 

because Qn ^ lo and ^ Thus VV*Fn ® h and -F„ (g) (5„ + i?;|:-Fn <8) Q;!; are 
unitarily equivalent for all n and hence VV* and J2n=i Pn(^Qn + J2n=i ^n^n^Qn 
are unitarily equivalent in IR(G) (8) B{Ho)- Choose a unitary [/ G 3?(G) (8) B{Ho) 
such that ?7yy*[/* = S^^i F„ ® g„ + R^Fn ® Qj^. Then ^ « C/F. 

Now apply Lemma [8.41 to the fixed projection R ~ R-^, and the sequences of 
central projections F^ and infinite projection (5„ that we have constructed for 
1 < n < A^. Thus we obtain a path of partial isometrics | t G [0,1]} in 

Ji{G) (g) B{Ho) where LlW{t) is norm continuous, W{t)*W{t) = ^" Qn 

and W^(t)l¥(0* < J2n=i Fn ® Qn for all t £ [0, 1], W{0) = J2n=i Fn <» Qn, and 
= E^^^i RF„ (g Q„. Then let 

N 

V{t) := (vF(i) + RnFn ® Q^^) C/F for t € [0, 1]. 

n=l 

Since the initial projections and the range projections of all the partial isometrics 
W{t) are orthogonal to J2n=i ^nFn ® Qn, W{t) + J2n=i ^nFn «) Qn are partial 
isometrics for all t G [0, 1]. Therefore V{t) are also partial isometrics in 31(G) (g) 
B{Ho), and all have initial projection Pa = {UV)*UV. Since LlW{t) is norm 
continuous, so is L*V(t). Thus by definition, UV = V{0) ^ V{1). Moreover, the 

e 

range projection of V^(l) is unitarily equivalent to the range projection i? g) /q of 
Vo- Indeed, 

N N 

V{l)V{ir ^ {W{1) + RnFn ® QiUVV*U*{W{ir + J2 RnFn ® Q^) 

n—1 n—1 

N 

= W{l)W{ir + Y RnFn ® Qi 
n = l 

N N 

= YRF^'^Q^ + Y1 Rn^n (g Qn 
n—1 n—1 

^ R®Io 

and 

N N 

{V{\)V{iy)^ = J2 R^Fn ^Qn + Y RnP" -g ~ i?^ 4 = (i? <g lo)^ ■ 

n=l n—1 

But then, ^(1) ~ Vq. Since we have already estabhshed that V ^ UV ~ ^(1), 

e 

we conclude in this case too that V ^ Vo, thus completing the proof. □ 



36 victor kaftal, david h. larson, and shuang zhang 

References 

[1] Bodmann, B. G. , Optimal linear transmission by loss-insensitive packet encoding, Appl. 

Comput. Harmon. Anal. 22, 274-285, (2007). 
[2] Azoff, E., lonascu E., Larson D., and Pearcy, C, Direct paths of wavelets Houston J. Math. 

29, 737-756 (2003). Preprint 
[3] Bodmann, B. G. and Paulsen, V. I., Frames, graphs and erasures. Linear Alg. Appl., 404, 

118-146 (2005). 

[4] Casazza, P. G., Balan, R., and Edidin, D., On signal reconstruction without noisy phase, 

Appl. Comp. Harm. Anal. 20, (2006) 345-356. 
[5] Casaaza, P., Fickus, M. , Tremain, J.C., and Weber E., The Kadison- Singer problem in 

mathematics and engineering: a detailed account, Contemporary Math. 414, 299-356, (2006). 
[6] Casazza, P.G., Kutyniok, G., and Li, S., Fusion frames and distributed processing, preprint. 
[7] Christensen, O., An Introduction to Frames and Riesz Bases, Birkhauser, Boston, 2003. 
[8] Czaja, W., Remarks on Naimark's duality, Proceedings A. M.S., to appear. 
[9] Dai, X. and Larson, D., Wandering vectors for unitary systems and orthogonal wavelets. 

Memoirs Amer. Math. Soc., 134, No. 640(1998). 
[10] Dykema, K., Freeman, D., Kornelson, K., Larson, D., Ordower, M., and Weber, E., Ellipsoidal 

tight frames and projection decompositions of operators. Illinois J. Math. 48, no. 2, 477-489 

(2004). 

[11] Prank, M. and Larson, D. A module frame concept for Hilbert C* -modules. The functional 

and harmonic analysis of wavelets and frames (San Antonio, TX, 1999), 207-233, Contemp. 

Math., 247, Amer. Math. Soc, Providence, RI, 1999. 
[12] Frank, M. and Larson, D. Frames in Hilbert C* —modules and C* — algebras. J. Operator 

Theory 48, no. 2. 273-314, (2003). 
[13] Gabardo, J-P. and Han, D. Frame representations for group-like unitary systems, J. Operator 

Theory, 49, 223-244, (2003). 
[14] Halmos, P., A Hilbert Space Problem Book 2nd ed, Springer- Verlag New York, Heidelberg, 

Berlin (1982) 

[15] Han, D. and Larson, D. Frames, bases and group representations. Memoirs Amer. Math. 

Soc, 147, No. 697, (2000). 
[16] Kadison, R., The Pythagorean theorem. II. The infinite discrete case. Proc. Natl. Acad. Sci. 

USA 99, no. 8, 5217-5222,(2002). 
[17] Kadison, R., The Pythagorean theorem. I. The finite case. Proc Natl. Acad. Sci. USA 99, 

no. 7, 4178-4184, (2002). 
[18] Kadison, R. and Ringrose, J. Fundamentals of the Theory of Operator Algebras, Vol I, (1983), 

Vol II (1986), Academic Press. 
[19] Kaftal, v., Larson, D., and Zhang, S., Operator valued frames on C* modules Contemporary 

Math., to appear. 

[20] Kornelson, K. and Larson, D., Rank-one decomposition of operators and construction of 

frames. Wavelets, frames and operator theory, Contemp. Math., 345, Amer. Math. Soc, 

Providence, RI, 203-214, (2004). 
[21] Larson, D., Decomposition of operators and construction of frames, article in the Ober- 

wolfach Math. Institute Report on the Mini- Workshop on "Wavelets, Frames and Operator 

Theory" , Feb 2004. 

[22] Larson, D., Unitary systems and wavelet sets, "Wavelet Analysis and Applications", Applied 
and Numerical Harmonic Analysis, Birkhauser Verlag Basel/Switzerland, pp. 143-171, (2006). 

[23] Mbekhta, M. and Stratila S. Homotopy classes of partial isometrics in von Neumann algebras 
Acta Sci. Math. (Szeged), 66, 271-277, (2002). 

[24] Paulsen, V., Completely Bounded Maps and Operator Algebras, Cambridge Univ. Press., 
Cambridge, U.K., (2002). 

[25] Sun, W., G-frames and G-Riesz Bases, J. Math. Anal. Appl , 322, No. 1, 437-452, (2006). 



OPERATOR VALUED FRAMES 



37 



University of Cincinnati, Department of Mathematics, Cincinnati, OH, 45221, USA 
E-mail address: victor.kaftalSuc.edu 

Texas A&M University, Department of Mathematics, College Station, TX 77843, 
USA 

E-mail address: larsonamath.tamu.edu 

University of Cincinnati, Department of Mathematics, Cincinnati, OH, 45221, USA 
E-mail address: zhangsSmath . uc . edu 



